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4

Sampling and Quantization

The previous two chapters have reviewed and discussed the various char-
acteristics of signals along with methods of describing and representing
them. This chapter begins the discussion of transmitting the signals
or messages by a digital communication system. Though one can eas-
ily visualize messages produced by sources that are inherently digital
in nature, witness text messaging via the keyboard or keypad, two of
the most common message sources, audio and video, are analog, i.e.,
they produce continuous time signals. To make them amenable for dig-
ital transmission it is first required to transform the analog information
source into digital symbols which are compatible with digital processing
and transmission.

The first step in this transformation process is to discretize the time
axis which involves sampling the continuous time signal at discrete val-
ues of time. The sampling process, primarily how many samples per
second are needed to exactly represent the signal, practical sampling
schemes, and how to reconstruct, at the receiver, the analog message
from the samples is discussed first. This is followed by a brief discussion
of three pulse modulation techniques, sort of a halfway house between
the analog modulation methods of AM and FM and the various mod-
ulation/demodulation methods which are the focus of the rest of the
text.

Though time has been discretized by the sampling process the sample
values are still analog, i.e., they are continuous variables. To represent
the sample value by a digital symbol chosen from a finite set necessitates
the choice of a discrete set of amplitudes to represent the continuous
range of possible amplitudes. This process is known as quantization and
unlike discretization of the time axis, it results in a distortion of the
original signal since it is a many-to-one mapping. The measure of this

38



4.1 Sampling of Continuous-Time Signals 39

distortion is commonly expressed by the signal power to quantization
noise power ratio, SNR,. Various approaches to quantization and the
resultant SNR are the major focus of this chapter.

The final step is to map (or encode) the quantized signal sample
into a string of digital, typically binary, symbols, commonly known as
pulse code modulation (PCM). The complete process of analog-to-digital
(A/D) conversion is a special, but important, case of source coding.t

4.1 Sampling of Continuous-Time Signals

The first operation in A/D conversion is the sampling process. Both the
theoretical and practical implementations of this process are studied in
this section.

4.1.1 Ideal (or Impulse) Sampling

The sampling process converts an analog waveform into a sequence of
discrete samples that are usually spaced uniformly in time. This process
can be mathematically described as in Figure 4.1-(a). Here the analog
waveform m(t) is multiplied by a periodic train of unit impulse functions
s(t) to produced the sampled waveform mg(t). The expression for s(t)
is as follows:

s(t)y=Y_ o(t—nTy) (4.1)

n=—oo

Thus the sampled waveform m(t) can be expressed as,

ms(t) =m(t)s(t) = > m(t)i(t—nT.)
= Y mnT)i(t - nTy) (4.2)

The parameter T in (4.1) and (4.2) is the period of the impulse train,
also referred to as the sampling period. The inverse of the sampling pe-
riod, fs = 1/Ts, is called the sampling frequency or sampling rate. Fig-
ures 4.1-(b) to 4.1-(d) graphically illustrate the ideal sampling process.
It is intuitive that the higher the sampling rate is, the more accurate
1 A more general source coding process not only involves A/D conversion but also

some form of data compression to remove the redundancy of the information
source.
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Fig. 4.1. Ideal sampling process: (a) Mathematical model, (b) Analog signal,
(c¢) Impulse train, (d) Sampled version of the analog signal, (e¢) Spectrum of
bandlimited signal, (f) Spectrum of the impulse train, (g) Spectrum of sampled
waveform.

the representation of m(t) by m(t) is. However, to achieve a high effi-
ciency, it is desired to use as a low sampling rate as possible. Thus an
important question is: what is the minimum sampling rate for the sam-
pled version my(t) to exactly represent the original analog signal m/(t)?
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For the family of band-limited signals, this question is answered by the
sampling theorem, which is derived next.

Consider the Fourier transform of the sampled waveform m(t). Since
ms(t) is the product of m(t) and s(t), the Fourier transform of mg(t)
is the conwvolution of the Fourier transforms of m(t) and s(t). Recall
that the Fourier transform of an impulse train is another impulse train,
where the values of the periods of the two trains are reciprocally related
to one another. The Fourier transform of s(¢) is given by

SU) =g > 8= nf) (4.3)

n=—oo

Also note that convolution with an impulse function simply shifts the
original function as follows:

X(f)@o(f = fo) = X(f = fo) (4.4)

From the above equations, the transform of the sampled waveform can
be written as,

M) =M(N@S(f) = M(f)® |

1 oo
= 2 5(f—nfs)]
1 [e.¢]

= 7 2 MU -nf) (4.5)

n=—oo

Equation (4.5) shows that the spectrum of the sampled waveform con-
sists of an infinite number of scaled and shifted copies of the spectrum
of the original signal m(¢). More precisely, the spectrum M (f) is scaled
by 1/Ts and periodically repeated every fs. It should be noted that the
relation in (4.5) holds for any continuous-time signal m(t), even if it is
not band-limited, or of finite energy.

However, for the band-limited waveform m/(¢) with bandwidth limited
to W Hertz, generic Fourier transform of the sampled signal ms(t) is
illustrated in Figure 4.1. The triangular shape chosen for the magnitude
spectrum of m(t) is only for ease of illustration. In general, M (f) can
be of arbitrary shape, as long as it is confined to [0, W]. Since within
the original bandwidth (around zero frequency) the spectrum of the
sampled waveform is the same at that of the original signal (except for a
scaling factor 1/Ty), it suggests that the original waveform m(t) can be
completely recovered from my(t) by an ideal low-pass filter of bandwidth
W as shown in Figure 4.1-(g). However, a closer investigation of Figure
4.1-(g) reveals that this is only possible if the sampling rate fs is high
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enough so that there is no overlap among the copies of M(f) in the
spectrum of m(t). It is easy to see that the condition for no overlapping
of the copies of M(f) is fs > 2W, therefore the minimum sampling rate
is fs = 2W. When the sampling rate f; < 2W (under-sampling), then
the copies of M(f) will overlap in the frequency domain and it is not
possible to recover the original signal m(t) by filtering. The distortion
of the recovered signal due to under-sampling is referred to as aliasing.

It has been shown in the frequency domain that the original continuous
signal m(t) can be completely recovered from the sampled signal m(t).
Next we wish to show how to reconstruct the continuous signal m(t)
from it sampled values m(nTy), n = 0,£1,+2,.... To this end, write
the Fourier transform of mg(t) as follows.

My(f) = F{ms(t)} = > m(nT)F{s(t —nTy)}
= Z m(nTs)exp(—j2mnfTs)  (4.6)

Since M (f) = Mq(f)/fs, for =W < f < W, one can write

Z m(nTs)exp(—j2mnfTy), -W < f<W (4.7

n—=—oo

1

M) =5

The signal m(t) is the inverse Fourier transform of M (f) and it can be
found as follows:

me) = Funy= [ " M()exp(info)df

W )
= [ 3 minTexp(—s2mnfTesp(j2n f)df

AP
= 1Y mm [ eplie-ntlag
-5 X D [ expli s

o0

_ sin[27W (t — nTy)]
= Z m(nTy) o =T

- 2 () ey s
= i m <%) sinc(2Wt — n) (4.9)

n=—oo
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where, to arrive at the last two equations, the minimum sampling rate
fs = 2W has been used and sinc(z) = sin(wz)/(7x).

Equation (4.9) provides an interpolation formula for the construc-
tion of the original signal m(t) from its sampled values m(n/2W). The
sinc function sinc(2Wt) plays the role of an interpolating function (also
known as the sampling function). In essence, each sample is multiplied
by a delayed version of the interpolating function and all the resulting
waveforms are added up to obtain the original signal.

Now the sampling theorem can be stated as follows.

Theorem 4.1 (Sampling Theorem). A signal having no frequency
components above W Hertz is completely described by specifying the val-
ues of the signal at periodic time instants that are separated by at most

1/2W seconds.

The theorem stated in terms of the sampling rate, fs > 2W, is known
as the Nyquist criterion. The sampling rate f; = 2W is called the
Nyquist rate with the reciprocal called the Nyquist interval.

The sampling process considered so far is known as ideal sampling
because it involves ideal impulse functions. Obviously, ideal sampling
is not practical. In the next two sections two practical methods to
implement sampling of continuous-time signals are introduced.

4.1.2 Natural Sampling

Figure 4.2-(a) shows the mathematical model of natural sampling. Here,
the analog signal m(t) is multiplied by the pulse train, or switching
waveform p(t) shown in Figure 4.2-(c). Let h(t) =1 for 0 < ¢ < 7 and
h(t) = 0 otherwise. Then the pulse train p(t) can be written as,

oo
p(t)= > h(t—nTy) (4.10)
n=—oo

Natural sampling is therefore very simple to implement since it requires
only an on/off gate. Figure 4.2-(d) shows the resulting sampled wave-
form, which is simply m4(¢) = m(¢)p(t). As in ideal sampling, here the
sampling rate fs also equals to the inverse of the period Ty of the pulse
train, i.e., fs = 1/Ts. Next it is shown that with natural sampling, a
bandlimited waveform can also be reconstructed from its sampled ver-
sion as long as the sampling rate satisfies the Nyquist criterion. As
before, the analysis is carried out in frequency domain.
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m(t) m,() = Y mth(t-nT,)

n=-w

p(t) = S h(t-nT,)
m(t) = IM(f)

@

/ ‘M (0)‘
t
0 \_{ wo w

(b) G
p() IP(F))
(o) (Bd) (o)
2T, 2f £, 0 f=1T, 3f
— TS l— S s s s s s
(© ®
my(t) Lowpassfllter 1 M<(H)
r |
AT
| I
! l
‘I !
0 —2f A,
(d) ()

Fig. 4.2. The natural sampling process: (a) Mathematical model, (b) Analog
signal, (c) Rectangular pulse train, (d) Sampled version of the analog sig-
nal, (e) Spectrum of bandlimited signal, (f) Spectrum of the pulse train, (g)
Spectrum of sampled waveform.

Recall that the periodic pulse train p(t) can be expressed in a Fourier



4.1 Sampling of Continuous-Time Signals 45

series as follows:

p(t) = Y Dpexp(j2mnfst) (4.11)

where D,, is the Fourier coefficient, given by
D, = Tlssinc (1;—:) eI/ Ts (4.12)

Thus the sampled waveform is

ms(t) =m(t) Y Dpexp(j2mnf.t) (4.13)

n—=—oo

The Fourier transform of ms(t) can be found as follows:

Ms(f) - f{ms(t)} = Z an{m(t)exp(j27rnfst)}

= S DLM(f—nf) (4.14)

Similar to the ideal sampling case, Equation (4.14) shows that M(f)
consists of an infinite number of copies of M(f), which are periodically
shifted in frequency every f; Hertz. However, here the copies of M(f)
are not uniformly weighted (scaled) as in the ideal sampling case, but
rather they are weighted by the Fourier series coefficients of the pulse
train. The spectrum of the sampled waveform mg(¢) is shown in Figure
4.2-(g) where m(t) is again a bandlimited waveform. It can be seen from
4.2-(g) that, despite the above difference, the original signal m(t) can be
equally well reconstructed using a lowpass filter as long as the Nyquist
criterion is satisfied . Finally, it should be noted that natural sampling
can be considered to be a practical approximation of ideal sampling,
where an ideal impulse is approximated by a narrow rectangular pulse.
With this perspective, it is not surprising that when the width 7 of
the pulse train approaches zero, the spectrum in (4.14) converges to
Equation (4.5).

4.1.3 Flat-Top Sampling

Flat-top sampling is the most popular sampling method. This sampling
process involves two simple operations:
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e Instantaneous sampling of the analog signal m(t) every Ty seconds.
As in the ideal and natural sampling cases, it will be shown that
to reconstruct the original signal m(t) from its sampled version, the
sampling rate f; = 1/T, must satisfy the Nyquist criterion.

e Maintain the value of each sample for a duration of 7 seconds.

In circuit technology, these two operations are referred to as sample and
hold. The flat-top sampled waveform is illustrated in Figure 4.3

m(t)

\ /ms(t)

Fig. 4.3. Flat-top sampling: m(t) is the original analog signal and ms(¢) is
the sampled signal.

It is straightforward to verify that the flat-top sampling described
above can be mathematically modeled as shown in Figure 4.4-(a). Note
that Figure 4.4-(a) is an extension of Figure 4.1-(a), where a filter with
impulse response h(t) is added at the end.

Again, we are interested in the spectrum of the sampled signal mg(t),
which is related to the original signal m(t) through the following expres-
sion:

ma(t) = lm(t) i 5(t —nT,)| ® h(t) (4.15)

n=—oo

The Fourier transform of mg(t) is determined as follows:

M(f) = f{m(t) > 5(tnTs)}f{h(t)}

n=—oo

oo

(f) Y. M(f—nf.) (4.16)

n=—oo

1
T

where H(f) is the Fourier transform of the rectangular pulse h(t), given
by H(f) = rsinc(f1)exp(—jm fT).

Equations (4.16) and (4.5) imply that the spectrum of the signal pro-
duced by flat-top sampling is essentially the spectral of the signal pro-
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Fig. 4.4. The flat-top sampling process: (a) Sampling, (b) Reconstruction.

duced by ideal sampling shaped by H(f). Since H(f) has the form of
a sinc function, each spectral component of the ideal-sampled signal is
weighted differently, hence causing amplitude distortion. As a conse-
quence of this distortion, it is not possible to reconstruct the original
signal using an lowpass filter, even when the Nyquist criterion is satis-
fied. This is illustrated in Figure 4.5.

In fact, if the Nyquist criterion is satisfied, then passing the flat-
top sampled signal through a lowpass filter (with a bandwidth of W)
produces the signal whose Fourier transform is (1/7T)M (f)H(f). Thus
the distortion due to H(f) can be corrected by connecting an equalizer
in cascade with the lowpass reconstruction filter, as shown in Figure
4.4-(b). Ideally, the amplitude response of the equalizer is given by

T T
|Heq‘ = ‘H(f)| = TSinC(fT) (417)

Finally, it should be noted that for a duty cycle 7/Ts < 0.1, the ampli-
tude distortion is less than 0.5%. In this case, the need for equalization
may be omitted in practical applications.
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Fig. 4.5. Various spectrums in flat-top sampling process: (a) Magnitude spec-
trum of the original message, (b) Spectrum of the ideal sampled waveform,
(c¢) |H(f)| = |rsinc(f7)|, (d) Spectrum of the flat-top sampled waveform.

4.2 Pulse Modulation

Recall that in analog (continuous wave) modulation, some parameter
of a sinusoidal carrier A.cos(2wf.t + 0) such as the amplitude A, the
frequency f., or the phase 6 is varied continuously in accordance with the
message signal m(t). Similarly, in pulse modulation, some parameter of



4.2 Pulse Modulation 49

a pulse train is varied in accordance with the sample values of a message
signal.

Pulse amplitude modulation (PAM) is the simplest and most basis
form of analog pulse modulation. In PAM, the amplitudes of regularly
spaced pulses are varied in proportion to the corresponding sample val-
ues of a continuous message signal. In general, the pulses can be of
some appropriate shape. In the simplest case, when the pulse is rectan-
gular, then the PAM signal is identical to the signal produced by flat-top
sampling described in Section 4.1.3.

It should be noted that PAM transmission does not improve the noise
performance over base-band modulation, (which is the transmission of
the original continuous signal). The main (perhaps the only) advantage
of PAM is that it allows multiplexing, i.e., sharing the same transmission
media by different sources (or users). This is because a PAM signal only
occurs in slots of time, leaving the idle time for the transmission of other
PAM signals. However, this advantage comes from the expense of larger
transmission bandwidth, as can be seen from Figures 4.5-(a) and 4.5-(d).

It is well known that in analog frequency modulation (FM), band-
width can be traded for noise performance. As mentioned before, PAM
signals require larger transmission bandwidth without improving noise
performance. This suggests that there should be better pulse modula-
tions than PAM in terms of noise performance. Two such forms of pulse
modulation are:

e Pulse width modulation (PWM): In PWM, the samples of the message
signal are used to vary the width of the individual pulses in the pulse
train.

e Pulse position modulation (PPM): In PPM, the position of a pulse
relative to its original time of occurrence is varied in accordance with
the sample values of the message.

Examples of PWM and PPM waveforms are shown in Figure 4.6 for
a sinusoidal message.

Note that in PWM, long pulses (corresponding to large sample values)
expend considerable power, while bearing no additional information. In
fact, if only time transitions are preserved, then PWM becomes PPM.
Accordingly, PPM is a more power-efficient form of pulse modulation
than PWM.
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Fig. 4.6. Examples of PWM and PPM: (a) A Sinusoidal message, (b) Pulse
carrier, (¢) PWM waveform, (d) PPM waveform.
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Regarding the noise performance of PWM and PPM systems, since
the transmitted information (the sample values) is contained in the rela-
tive positions of the modulated pulses, the additive noise, which mainly
introduces amplitude distortion, has much lesser effect. As a conse-
quence, both PWM and PPM systems have better noise performance
than PAM.

Pulse modulation techniques, however, are still an analog modulation.
For digital communications of an analog source, one needs to proceed to
the next step, i.e., quantization.

4.3 Quantization

In all the sampling processes described in the previous section, the sam-
pled signals are discrete in time but still continuous in amplitude. To
fully obtain a digital representation of a continuous signal, two further
operations are needed: quantization of the amplitude of the sampled
signal and encoding of the quantized values, as illustrated in Figure 4.7.
This section discusses quantization.

m(Y) {m(n)} {m(nT)} ...01101...
——» Sampler - Quantizer » Encoder ——»

Fig. 4.7. Quantization and encoding oprations.

By definition, amplitude quantization is the process of transforming
the sample amplitude m(nT}) of a message signal m(t) at time t = nTj
into a discrete amplitude 7 (nTs) taken from a finite set of possible am-
plitudes. Clearly, if the finite set of amplitudes is chosen such that the
spacing between two adjacent amplitude levels is sufficiently small, then
the approximated (or quantized) signal, m(nT5s), can be made practically
indistinguishable from the continuous sampled signal, m(nT;). Never-
theless, unlike the sampling process, there is always a loss of information
associated with the quantization process, no matter how fine one may
choose the finite set of the amplitudes for quantization. This implies
that it is not possible to completely recover the sampled signal from the
quantized signal.

In this section, we shall assume that the quantization process is memo-
ryless and instantaneous, meaning that the quantization of sample value
at time ¢ = nTy is independent of earlier or later samples. With this
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assumption, the quantization process can be described as in Figure 4.8.
Let the amplitude range of the continuous signal be partitioned into L
intervals, where the [th interval, denoted by Z;, is determined by the
decision levels (also called the threshold levels) D; and Dyy:

7 :{Dl<m§Dl+1}7 l:].,...,L (418)

Then the quantizer represents all the signal amplitudes in the interval Z;
by some amplitude T; € Z; referred to as the target level (also known as
the representation level or reconstruction level). The spacing between
two adjacent decision levels is called a step-size. If the step-size is the
same for each interval then the quantizer is called a uniform quantizer,
otherwise the quantizer is non-uniform. The uniform quantizer is the
simplest and most practical one. Besides having equal decision intervals
the target level is chosen to lie in the middle of the interval.

Continous samples Quantized samples
——»{ Quantizer [

m(nT,) m(nT,)

T T T
—e—t—e————f—— m()
D4 D, D, D\+2

m(nT,)

Fig. 4.8. Description of a memoryless quantizer.

4.3.1 Uniform Quantizer

From the description of the quantizer, it follows that the input/output
characteristic of the quantizer (or quantizer characteristic) is a stair-
case function. Figures 4.9-(a) and 4.9-(b) display two uniform quantizer
characteristics, called midtread and midrise. As can be seen from these
figures, the classification whether a characteristic is midtread or midrise
depends on whether the origin lies in the middle of a tread, or a rise of
the staircase characteristic. For both characteristics, the decision levels
are equally spaced and the [th target level is the midpoint of the [th
interval, i.e.,

_ Di+ Dy

fi 2

(4.19)
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As an example, Figure 4.10 plots the input and output waveforms of a
midrise uniform quantizer.

Output level
m(nT,)

D, . Input level
I:I) m(nT,)

@

Output level
m(nT,)

Tt

D, ] . Input level
IID m(nT,)

Fig. 4.9. Two types of uniform quantization: (a) midtread and (b) midrise.

As mentioned before, the quantization process always introduces an
error. The performance of an quantizer is usually evaluated in terms of
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Fig. 4.10. An example of input and output of a midrise uniform quantizer.

its signal-to-quantization noise ratio. In what follows, this parameter is
derived for the uniform quantizer.

Since we concentrate only on memoryless quantization, we can ignore
the time index and simply write m and 7i instead of m(nT}) and m(nTs)
for the input and output of the quantizer respectively. Typically, the in-
put m of the quantizer can be modeled as a zero-mean random variable
with some probability density function (pdf) fpm(m). Furthermore, as-
sume that the amplitude range of m is —Mmpmax < M < Mpyax, that the
uniform quantizer is of midrise type, and that the number of quantiza-
tion levels is L. Then the quantization step-size is given by,

2mmax

L

Let ¢ = m — m be the error introduced by the quantizer, then —A /2 <
g < A/2. If the step-size A is sufficiently small (i.e., the number of
quantization intervals L is sufficiently large), then it is reasonable to

A= (4.20)

assume that the quantization error ¢ is a uniform random variable over
the range [—A/2,A/2]. The probability density function (pdf) of the
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random variable q is therefore given by,

1 A A
ES — =< q S =2
=< A 2 2 4.21
fa(a) { 0, otherwise (421)

Note that with this assumption, the mean of the quantization error is
zero, while its variance can be calculated as follows:

AJ2 , AJ2 L/ 1
o, = q- f (Q)dq:/ q () dg
! /A/Q B —a2 \A

[ V)

A2 mr2nax

where the last equality follows from (4.20).

Each target level at the output of a quantizer is typically encoded (or
represented) in binary form, i.e., a binary string. For convenience, the
number of quantization levels is usually chosen to be a power of two, i.e.,
L = 2% where R is the number of binary bits needed to represent each
target level. Substituting L = 2% into (4.22) one obtains the following
expression for the variance of the quantization error:

2

2 mmax
05 = 55 (4.23)

Since the message sample m is a zero-mean random variable whose pdf is

fm(m), the average power of the message is equal to the variance of m,
ie., 02 = [M m?2fn(m)dm. Therefore, the signal-to-quantization

m —Mmax

noise ratio can be expressed as,

2
SNR, = (3(2’—m> 92k (4.24)
mmax
3 x 228

The parameter F' in (4.25) is called the crest factor of the message,
defined as,

P Peak value of the signal _ Mimax

~ RMS value of the signal o, (4.26)
Equation (4.25) shows that the signal-to-noise ratio of an uniform quan-
tizer increases exponentially with the number of bits per sample R and
decreases with the square of the message’s crest factor. The message’s
crest factor is an inherent property of the signal source, while R is a
technical specification, i.e., under an engineer’s control.
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Expressed in decibels, the signal-to-noise ratio is given by,

2
10log,y SNRq = 6.02R + 10logy, (;2—’”) FATT(4.27)
= 6.02R —20log,, F + 4.77 (4.28)

The above equation, called the 6-dB rule, points out the significant
performance characteristic of an uniform quantizer: an additional 6-
dB improvement in SNR is obtained for each bit added to represent the
continuous signal sample.

4.3.2 Optimal Quantizer

In the previous section the uniform quantizer was discussed where all
the quantization regions are of equal size and the target (quantized)
levels are at the midpoint of the quantization regions. Though simple,
uniform quantizers are not optimal in terms of minimizing the signal-
to-quantization noise ratio. In this section the optimal quantizer that
maximizes the SNRy is studied.

Consider a message signal m(t) drawn from some stationary process.
Let [—mMmax, Mmax] be the amplitude range of the message, which is
partitioned into L quantization regions as in (4.18). Instead of being
equally spaced, the decision levels are constrained to satisfy only the
following three conditions:

D1 = —mmax
DLJrl = Mmax (429)
DlSDl+1’ fOI‘l:LQ,...L

A target level may lie anywhere within its quantization region and as
before, is denoted by Ty, k = 1,..., L. Then the average quantization
noise power is given by,

L

qul;/

o (m —T))? frm(m)dm (4.30)
D,

The problem is to find the set of 2L — 1 variables
{Dy,Ds,...,Dp, Ty, Ts,...,Tr} to maximize the signal-to-quantization
noise power ratio, or equivalently to minimize the average power of the
quantization noise INy. Differentiating N, with respect to a specific
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threshold, say D; (use Leibniz’s rule)f and setting the result to 0 yields

ONg .
D, = fw(D;) [(Dj = Tj—1)* = (D; = T3)?] =0, j=2.3,...L.
(4.31)
The above gives L — 1 equations with solutions:
71+ 1T
DYt = “T“ 1=2,3,...L. (4.32)

This result simply means that, in an optimal quantizer, the decision
levels are the midpoints of the target values (note that the target values
of the optimal quantizer are not yet known).

To determine the L target values T;, differentiate /Ny with respect to
a specific target level T and set the result to zero:

AN, Di1
—4 = 72/ (m =T)) fm(m)dm =0, j=1,2,...L.  (4.33)
oT; D;

The above equation gives

D41
mfm(m)dm
T = D‘Dmff<( )) =121 (4.34)

Equation (4.34) states that in an optimal quantizer the target value for
a quantization region should be chosen to be the centroid (conditional
expected value) of that region.

In summary, Equations (4.32) and (4.34) give the necessary and suffi-
cient conditions for a memoryless quantizer to be optimal and are known
as the Lloyd-Mazx conditions. Although the conditions are very simple,
except in some exceptional cases, an analytical solution to the optimal

quantizer design is not possible. Instead, the optimal quantizer is de-
signed in an iterative manner as follows: start by specifying an arbitrary
set of decision levels (for example the set that results in equal-length re-
gions) and then find the target values using (4.34). Then determine the
new decision levels using (4.32). The two steps are iterated until the
parameters do not change significantly from one step to the next.
Though optimal, a major disadvantage of the optimal quantizer is
that it requires knowledge of the statistical properties of the message
source, namely the pdf fp,(m) of the message amplitude. In practice
the quantizer in use may have to deal with a variety of sources. Another

t Leibniz’s rule states that if f(p) = f;(tx) g(z; p)dx, where p is a parameter, then

Bf(P) jlu(P) Bq(w,p) dz + glz = u(p)’p) 6"(1?) —g(z = U(p);p) 359(5).
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disadvantage is that the quantizer is designed for a specific myax, while
typically the signal level varies, resulting in poor performance. These
disadvantages prevent the use of optimal quantizer in practical appli-
cations. In the next section, a different quantization method, used in
practice, that overcomes these disadvantages is examined. The method
is quite robust to both the source statistics and changes in the signal’s
power level.

4.3.3 Robust Quantizers

It can be easily verified from Equations (4.32) and (4.34) that for the
special case where the message signal is uniformly distributed, the opti-
mal quantizer is a uniform quantizer. Thus, as long as the distribution
of the message signal is close to uniform, the uniform quantizer works
fine. However, for certain signals such as voice, the input distribution is
far from uniform. For a voice signal in particular, there exists a higher
probability for smaller amplitudes (corresponding to silent periods and
soft speech) and a lower probability for larger amplitudes (correspond-
ing to loud speech). Therefore it is more efficient to design a quantizer
with more quantization regions at lower amplitudes and less quantization
regions at larger amplitudes to overcome the variations in power levels
that the quantizer sees at its input. The resulting quantizer would be, in
essence, a nonuniform quantizer having quantization regions of various
sizes.

The usual and robust method for performing nonuniform quantization
is to first pass the continuous samples through a monotonic nonlinearity
called compressor, that compresses the large amplitudes (which essen-
tially reduces the dynamic range of the signal). One view of the com-
pressor is that it acts like a variable-gain amplifier; it has high gain at
low amplitudes and less gain at high amplitudes. The compressed sig-
nal is applied to a uniform quantizer. At the receiving end, the inverse
operation of the compressor is carried out by the expander to obtain
the sampled values. The combination of a compressor and an expander
is called a compander. Figure 4.11 shows the block diagram of this
technique, where g(m) and g—!(m) are the compressing and expanding
functions, respectively.

There are two types of companders that are widely used for voice
signal in practical telecommunications systems. The p-law compander
used in the United States, Canada and Japan employs the following



4.8 Quantization 59

m . .
.| Compressot_ | Uniform | » . . ._p] Reconstructior] || Explander_>
g(m) quantizer filter g(m)
Fig. 4.11. Block diagram of compander technique.
logarithmic compressing function:
In[1+ p(jm|/mm:
Y = Ymax [ (] /o) sgn(m) (4.35)

In(1+ p)

where

+1, forz >0
sen() = { -1, for z <0 (4.36)

In (4.35) Mmax and Ymax are the maximum positive levels of the in-
put and output voltages respectively. The compression characteristic is
shown in Figure 4.12-(a) for several values of u. Note that = 0 cor-
responds to a linear amplification, i.e., there is no compression. In the
United States and Canada, the parameter p was originally set to 100 for
use with a 7-bit PCM encoder. It was later changed to 255 for use with
an 8-bit encoder.

Another compression characteristic, used mainly in Europe, Africa
and the rest of Asia, is the A-law, defined as

A (Im|/mmax m
s L) s ), 0< mok <4
y = (4.37)
1 + 1 A max
Ymax 1 [1 —g?:l%m = )]Sgn<m>7 71[ < % <1

where A is a positive constant. The A-law compression characteristic is
shown in Figure 4.12-(b) for several values of A. Note that a standard
value for A is 87.6.

4.3.4 SNRq of Non-Uniform Quantizers

Consider a general compression characteristic as shown in Figure 4.13,
where g(m) maps the interval [—mMmax, Mmax] into the interval [—ymax, Ymax]-
Note that the output of the compressor is uniformly quantized. Let y;
and A denote, respectively, the target level and the (equal) step-size of
the Ith quantization region for the compressed signal y. Recall that for
an L-level midrise quantizer one has A = 2y;,.x/L. The corresponding



60 Sampling and Quantization
1 1
0.9t p=255 ] 0.9 A=250 ]
. N\
0.8r 1 0.8r 1
0.7r 1 0.7r 1
& 0.6r 1 & 06 .
X N N
2 o5 012 os ]
3 3
= = 5 A=10
3 04 w13 o4 ]
03 L=10 : 03 A=87.6 -
0.2 1 0.2 1
0.1 @ 0.1 (b) |
OO 0.5 1 00 0.5
Inputnym Inputnym
max max

Fig. 4.12. Compression characteristic: (a) p-law and (b) A-law. Note that
both characteristics are odd functions and only the positive half of the input

signal is illustrated.

target level and step-size of the lth region for the original signal m are

m; and A\; respectively.

Assume that the number of quantization intervals L is very large (L >
1) and the density function of the message m is smooth enough. Then
both A and A; are small. Thus one can approximate fm(m) to be a
constant fp(m;) over A; and, as a consequence, the target level my
midpoint of the [th quantization region. With this

is basically at the
approximation, Ny

Ny

can be evaluated as follows:

L er%
= Z/ N (m — my)? fn(m)dm
=1 /-3t

1%

n -

L ml+%
me(ml)/ A (m—ml)Qdm
=1 7

L AB
= Z Tzlfm(ml)

=1

(4.38)

Furthermore, it can be seen from Figure 4.13 that A is related to A
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Fig. 4.13. Compression characteristic g(m).

through the slope of g(m) as follows:

A dg(m)
Al - dm

(4.39)

‘m—'ml

Substituting A; found from (4.39) into (4.38) produces

_ A72 < fm(ml)

N >, 2
12 =1 [ dg(m)
dm o

Finally, since L > 1 one can approximate the summation by an integral
to obtain

A (4.40)

A% [ fon(m)

Ny = = —Im T dm
’ 12 e (dg(m) \?
dm
2 Mmax
— Ymax / _Jmlm) g, (4.41)

2 2
3L% ) s (dg(m) )

dm
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As an example, let’s determine SNR, for the p-law compander. To
this end, evaluate the derivative of g(m) in (4.35) to get

dg(m) _ Ymax N(l/mmaX)
dm In(1+ p) 1+ p(|ml/mmax)

(4.42)

Note that the derivative of g(m) is an even function. This is expected
from the symmetry of the u-law compression characteristic. Now sub-
stituting (4.42) into (4.41) gives

2 2 Mmax 2
Ny =t WO Y

Mmax
max \ Mmax

312 112

/_m 1+ 2u (%)H& (WLTJ ]fm( )dm (4.43)

Mmax

Since ["™* f(m)dm = 1, ["" m?fn(m)dm = op, and
fmn‘;"“‘ |m| fm(m)dm = E{|m|}, the quantization noise power can be
rewritten as,
Minax 107 (1 + 1) [ Eflml} }
Ny= "2 ———|1+2u 4.44
q 3L2 w2 Mmax ’u mrznax ( )

Finally, by noting that the average power of message signal is ¢2,, the
signal-to-quantization noise power of the y-law compander is given by,

Sk, - % _ S0 (02, )
N In*(1+ p) 1+ 20(E{m]}/mumax) + 12(07, /mE,ay)
(4.45
To express SNR, as a function of the normalized power level o2 =
nj%, rewrite the term iy"fi} in the denominator as 5{0“:'} o
£ {U‘m U} ,,. Therefore,
SNRg(02) = SL° it (4.46)

In*(1+ p) 1 + 2uo, _g{JT} + p2o2

Equation (4.46) shows that the SNR of the pi-law compander depends
on the statistics of the message through £{|m|}/o,,. For example, for
a message with Gaussian density £{|m|}/o, = /2/7 = 0.798, and
E{|lm|}/om = 1/v/2 = 0.707 for a Laplacian-distributed message.
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Furthermore, if £ > 1 then the dependence of SNR, on the message’s
characteristics is very small and SNR, can be approximated as

3L2

SNRy = ———
T (14 p)

(4.47)

For practical values of ;1 = 255 and L = 256, one has SNR, = 38.1dB.

To compare with the uniform quantizer, Figure 4.14 plots the SNRg
of the uniform quantizer and the u-law quantizer over the same range
of normalized input power. As can be seen from this figure, the u-law
quantizer can maintain a fairly constant SNR,, over a wide range of input
power levels (and also for different input probability density functions).
In contrast, the SNR, of the uniform quantizer decreases linearly as the
input power level drops. Note that at o2,/m2,. = 0dB, the SNR, for
the p-law and uniform quantizers are 38.1dB and 52.9dB respectively.
Thus with the p-law quantizer, one sacrifices performance for larger
input power levels to obtain a performance that remains robust over a
wide range of input levels.

60,

501 b

| p-law compander i
40 u=255

A

201

o 10
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Uniform quantization

0 (no compading) g
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40 I I I I I I I I
-90 -80 -70 -60 -50 -40 -30 -20 -10 0
Relative signal level ZOquom/mma)) (dB)

Fig. 4.14. Signal to quantization noise ratio of 8-bit quantizer with and with-
out companding.
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4.3.5 Differential Quantizers

In the quantizers looked at thus far each signal sample is quantized
independently of all the others. However, most message signals (such as
voice or video signals) sampled at the Nyquist rate or faster exhibit a
high degree of correlation between successive samples. This essentially
means that the signal does not change rapidly from one sample to the
next. This redundancy can be exploited to obtain a better SNR, for a
given number of levels, L or conversely for a specified SNR, the number
of levels, L can be reduced. The number of bits, R, needed to represent
L levels is R = log, L. Reducing L means that the number of bits needed
to represent a sample is reduced and hence the bit rate is reduced. A
lower bit rate eventually implies that less bandwidth is needed by the
communication system.

To motivate further the discussion two examples are considered: one
a toy example which illustrates how redundancy helps in reducing bit
rate, the other leads one into the major topic of this section, differential
quantizers. First the toy example. Consider a message source whose
output is the random process m(t) = Ae ¢u(t), where A and c are
random variables with arbitrary pdfs. In any transmission the output of
the message source is a specific member of the ensemble, i.e., the signal
m(t) = Ae‘tu(t) where A and ¢ are now specific, but unknown, values.
One could of course sample this signal at a chosen rate T, quantize these
samples and transmit the resultant sequence of samples. However after
some thought one could equally just quantize two samples say at t = 0
and t = t; > 0 and transmit the quantized values m(0) = A4, m(t1) =
Ae1. At the receiver the two sample values are used to determine the
values of A and ¢ which are then used to reconstruct the entire waveform.

Of course the above is an extreme example of redundancy in the mes-
sage waveform. Indeed once one has the first two samples then one can
predict exactly the sample values at all other sampling times. In the
more practical case one does not have nice analytical expressions for
how the waveform is generated to enable this perfect prediction. The
typical information one has about the redundancy in the samples, as
mentioned above, is the correlation between them. The approach, as
shown in Figure 4.15 where m[n] is used instead of m(nTs) to refer
to the sampled values, is to use the previous sample values to predict
the next sample value and then transmit the difference. Recall from
(4.23) that the quantization noise, ag, depends directly on the message
range, i.e., Mmax. The message being quantized and transmitted now
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is the prediction error, e[n] = m[n] — m[n] = m[n] — km[n]. Therefore
if |emax| = |Mmax — KMmax| = |1 — k|Mmax is less than my,,, then the
quantization noise power is reduced. Therefore the predictor should be
such that 0 < k£ < 2, ideally k = 1, hopefully k¥ ~ 1. The approach
just described is called differential quantization. The main design issue
for this quantizer is how to predict the message sample value. Ideally
one would base the design on a criterion that minimizes ey, but this
turns out to be intractable. Thus the predictor design is based on the
minimization of the error variance, o2. Further a linear structure is im-
posed on the predictor since it is both straightforward to design, quite
practical to realize, and performs well.

Sampled (PAM) Prediction error Differentially
signal + guantized sign:
> Quantizer ——
min] =% dn] én]
» Predictor
min]

Fig. 4.15. Tllustration of a differential quantizer.

Linear Predictor. A linear predictor predicts the current sample
based on a weighted sum of the previous p samples. It is called a pth-
order linear predictor. As can be seen in Figure 4.16, the predicted
sample, m[n], is given byt

mln] = Z w;m[n — i (4.48)

The blocks labeled with z~! in Figure 4.16 signify unit-delay elements
(z-transform notation).

In general, the coefficients {w; } are selected to minimize some function
of the error between m[n] and m[n]. However as mentioned it is the
average power of the prediction error that is of interest. The coefficient

1 Note that for simplicity of presentation, the notations used here slightly different
from those in Figure 4.15, where the input of the predictor is m[n] rather than
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Input — mn-1 — 1 mn-2] mn-p+1 — 1 mn-p
—> @ : - " L]
mn]

Fig. 4.16. Block diagram of a pth-order linear predictor.

set {w;} is selected to minimize

o2 =¢&{*n]} = € <m[n}—2wlm[n—z]>
= &{m?*n —2Zw15{m m[n — 1]}

£ wsEmln — dmin 51} (149)

i=1 j=1
Since the quantity E{m[n]m[n + k]} is the autocorrelation function,

Rum (k) of the sampled signal sequence {m[n]}, (4.49) can be expressed
as follows:

i —2Zwl m( +ZZwle (t—17) (4.50)

=1 j=1

Now take the partial derivative of o2 with respect to each coefficient
w; and set the results to zero to yield a set of linear equations:

Zwl (i—7)=Rm(j), j=1,2,....,p (4.51)

The above collection of equations can be arranged in matrix form as
shown in (4.52). This set of equation is also known as the normal equa-
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tions or the Yule-Walker equations.

Bn(0)  Bm(=1)  Rum(=2) R(=p+1)
Ru(l)  Run(0)  Ru(-1) Ron(—p+2)
R (2) Rm(1) R (0) Rum(—p+3)
Bmp—1) Bm(p—1) Em(p—3) -  Em(0)
w1 Rm(l)
w2 Rm(2)
wy | = | Bm(3) (4.52)
“;p Rn;(p)

The remaining design issue is the choice of p, the predictor’s order. In
practice for voice signals it has been found that greatest improvement
happens when one goes from no prediction to a first-order prediction,
i.e., p = 1. But for other sources one should be prepared to experiment.

Reconstruction of m[n] from the Differential Samples. Though
at the receiver one sees the quantized samples, é[n], for discussion pur-
poses we assume that the quantization noise or error is negligible. The
distortion introduced by the quantizer is ignored and therefore we look
at the reconstruction of m[n] from the differential samples e[n]. For the
pth-order linear predictor the differential sample e[n] is related to m[n],
using (4.48), by

P
eln] = mln] =Y wimln —i]. (4.53)
i=1
Using the z-transform, the above relationship becomes
p .
e(z7h = m(z) - Zwiz_"m(z_l)
i=1

= m(zhH —m(z) Zz_i
i=1
= m(z7Y) —mGE"HH(ETY (4.54)
where H(z71) = Y0 w;z™"
dictor.

is the transfer function of the linear pre-
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Equation (4.54) states that e(z7') =m(z71) [1 — H(271)], or

m(z7t) = #(271)6(2_1)- (4.55)
Recall from feedback control theory that the input/output relationship
for negative feedback is H%, where G is the forward loop gain and
H is the feedback loop gain. Comparing this with (4.55) one concludes
that G = 1 and H = —H(z!). Therefore m(z~! is reconstructed by
the block diagram of Figure 4.17. Note that even if one has forgotten or
has never learned feedback control theory one should be able to convince
oneself that the block diagram on the right in Figure 4.17 reconstructs
m[n].

min]

A 4

—H (Zfl) P

H(z")

A

Fig. 4.17. Reconstruction of m[n] from e[n].

However the input to the reconstruction filter is not e[n] but é[n],
which is equal to e[n]+ g[n] where ¢[n] is the quantization noise or error.
The difficulty this poses with the proposed reconstruction filter is that
not only does the noise in the present differential sample affect the re-
constructed signal but also all the previous quantzation noise samples,
though with diminishing effect. In essence this is because the recon-
struction filter has infinite memory. To add to this effect one should
also be aware that the channel will also induce noise in e[n].

A solution that would eliminate this effect is quite desirable. Since
engineers are supposed to be, if anything, ingenious this is precisely
what is accomplished by the system shown in Figure 4.18, known as
differential pulse code modulation (DPCM). The pulse code aspect is
discussed in the next section but here we show that indeed 7m[n] is only
affected by the quantization noise, g[n]. The analysis shows that this
is true regardless of the predictor used, it can even be nonlinear, and
the conclusion is also independent of the form of the quantizer. Truly
ingenious.

Referring to Figure 4.15-(a), the input signal to the quantizer is given
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Sampled (PAM)

signal en] én] DPCM signal
4>®—> Quantizer s Encoder ———»
min] *
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A —
+
mn] ) min]
Predictor
+
@
n] mn]
——»{ Decoder > >
DPCM signal * + Reconstructed
_ PAM signal
] 9
Predictor |«
(b)

Fig. 4.18. DPCM system using a differential quantizer: (a) Transmitter and
(b) Receiver.

by

e[n] = m[n] — mn] (4.56)
which is the difference between the unquantized sample m[n] and its
prediction, denoted by m[n]. The predicted value can be obtained us-
ing a linear prediction filter, whose input is 7i[n]. The output of the

quantizer is then encoded to produce the DPCM signal. The quantizer
output can be expressed as,

é[n] = e[n] — q[n] (4.57)

where ¢[n] is the quantization error. According to Figure 4.15-(a), the
input to the predictor can be written as follows.

m[n] = mln]+é[n]
= mn] + (e[n] — q[n])
(m[n] + e[n]) — q[n]
= m[n] — q[n] (4.58)

Since ¢[n] is the quantization error, Equation (4.58) implies that 7m[n] is
just the quantized version of the input sample m[n].
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The receiver for a DPCM system is shown in Figure 4.15-(b). In
the absence of the channel noise, the output of the decoder is identical
to the input of the encoder (at the transmitter), which is é[n]. If the
predictor at the receiver is the same as the one in the transmitter then
its output should be equal to m[n]. It follows that the final output of
the receiver is é[n] + m[n], which is equal to 7[n]. Thus, according to
(4.58), the output of the receiver differs from the original input m[n]
only by the quantization error g[n] incurred as a result of quantizing the
prediction error. Note that the quantization errors do not accumulate
in the receiver.

4.4 Pulse Code Modulation (PCM)

The last block in Figure 4.7 to be discussed is the encoder. A PCM signal
is obtained from the quantized PAM signal by encoding each quantized
sample to a digital codeword. If the PAM signals are quantized using
L target levels, then in binary PCM each quantized sample is digitally
encoded into an R-bit binary codeword, where R = [log, L| + 1. The
quantizing and encoding operations are usually performed in the same
circuit known as an analog-to-digital converter. The advantage of having
PCM signal over a quantized PAM signal is that the binary digits of a
PCM signal can be transmitted using many efficient modulation schemes
compared to the transmission of a PAM signal. The topics of baseband
and passband modulation of binary digits are covered in later chapters.

There are several ways to establish a one-to-one correspondence be-
tween target levels and the codeword. A convenient method, known as
natural binary coding (NBC), is to express the ordinal number of the
target level as a binary number as described in Figure 4.19. Another
popular mapping method is called Gray mapping. Gray mapping is im-
portant in the demodulation of the signal because the most likely errors
caused by noise involve the erroneous selection of an adjacent target level
to the transmitted target level. Still another mapping, called foldover
binary coding (FBC), is also sometimes encountered.

4.5 Summary

The basic concepts behind converting an analog information to a digital
one have been presented in this chapter. The first step in this pro-
cess is to sample the continuous-time output of the analog source. The
sampling theorem shows that if the sampling rate is at least twice the
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T, T, T, T, TS T, T, Ty
———eo—+}—o—}—o | o oo | o —+|+—e—}>m
D, l D, l D, l D, i D, i D, i D, i D, i D,
Ordinal: 0 1 2 3 4 5 6 7
NBC: 000 001 010 011 100 101 110 111
Gray: 000 001 011 010 110 111 101 100
FBC: 011 010 001 000 100 101 110 111

Fig. 4.19. Encoding of quantized levels into PCM codewords, L = 8.

highest frequency present in the analog signal then the original signal
can be recovered exactly.

However not only does time axis need to be discretized, the analog
amplitude values of the samples also must be quantized. Since this
step is a many-to-one mapping, it inherently produces a distortion or a
loss. Various quantizers to minimize this distortion, with a performance
measure of signal-to-quantization noise power ratio, have been analyzed
and discussed.

The final step, encoding, is to map quantized sample values to a set
of discrete symbols, typically a sequence of binary digits called variously
a binary string, binary word, or simply codeword. The codeword how-
ever is an abstract quantity, i.e., a nonphysical entity. To transmit the
information that a codeword represents one needs to map each bit to an
electrical signal or waveform. As has been mentioned several times this
mapping is called modulation and it, along with demodulation, is the
subject of succeeding chapters. To conclude we are finally in a position
to discuss digital communications.

However a few further closing remarks are in order. The quantization
and encoding discussed in this chapter go under the general topic of
source coding. But some sources, as pointed out the keyboard, are
already discrete in nature. The sampling/quantization steps are not
necessary for them and only the encoding step that of converting the
discrete source symbols to a codeword is required. Traditional source
coding was concerned primarily with this step. Some aspects of this are
presented in the problems at the end of the chapter but the interested
reader is referred to the literature for a more comprehensive treatment.
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Problems

4.1 (PCM) You have a disk with a capacity of approximately 600 x
108 bytes, and you wish to store a digital representation of the
output of a source on the disk. Estimate the maximum recording
duration for each of the following sources, using a straightfor-
ward PCM representation.

(a) 4 kHz speech, 8 bits per sample.

(b) 22 kHz audio signal, stereo, 16 bits per sample in each stereo
channel.

(¢) 5 MHz video signal, 12 bits per sample, combined with the
audio signal above.

(d) Digital surveillance video, 1024 x 768 pixels per frame, 8 bits
per pixel, 1 frame per second.

4.2 (Crest Factor) A signal parameter of interest in designing a
quantizer is the crest factor F', defined as

_ Peak value of the signal

F =
RMS value of the signal

(P4.1)

Determine the crest factor for the following signals:

(a) A sinusoid with peak amplitude of mpyax.

(b) A square wave of period T and amplitude range [—mMmax; Mmax)-

Above are deterministic signals and most of you are quite famil-
iar with their crest factors. Now consider random signals whose
probability density functions are:

(c¢) Uniform over the amplitude range [—mMmax, Mmax]-
(d) Zero-mean Gaussian with variance o2,

o) = ke (<327 ).

(e) Zero-mean Laplacian: fi,(m) = %exp(—c|m|).

(f) Zero-mean Gamma: fum,(m) exp(—k|m|). Note

_ k

4m|m)|
that the Gamma distribution is sometimes used to model
the voice signal.

Hint: For parts (d), (e) and (f), the peak value appears to
be infinity. Thus take an “engineering approach” and define the
peak value my,.x such that the probability that the signal ampli-
tude falls into [—mmax, Mmax] is 99%. Furthermore, evaluation
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of Mmax for (d) and (f) involves the error function, defined as:

erf(z) = % /OI et dt (P4.2)

The error function is available in MATLAB under the name erf
(type help erf in MATLAB to see).

4.3 (A different definition for SNRy) For an analog signal with peak
magnitude mmax, let us define the peak signal-to-quantization
noise ratio as

PSNR, = 20log, (mm“) (P4.3)
qmax
where ¢max = max{|m—m|} is the peak magnitude of the quan-
tization noise. Assuming an R-bit uniform quantizer, what is
the smallest value of R that ensures the PSNR, is at least D
dB?

4.4 (Optimal quantizer) Consider a message source that with confi-
dence you feel is well modelled by a first order Laplacian density
function, i.e., fm(m) = §exp(—c/m|). You wish to design an
L-level optimum quantizer for the message. The equations that
need to satisfied are:

DZ:M, 1=2,...,L (P4.4)
2
Dy
m fm(m)dm
} = D;Jm fen(m) . l=1,...,L (P4.5)
Dy fm(m)dm

(a) The form of Equation (P4.5) depends on fu, (m). Derive equa-
tion for T; for the given message source.
Hint: Since fm(m) is symmetric about zero, one needs to
worry only about the positive m axis, i.e., there is a decision
(threshold) level at m = 0 and you only need to determine
half the target values. Thus when you determine 73, do it for
m > 0.

(b) What are the decision and target values for the following sim-
ple cases: (i) L =1, (ii) L =2 and (iii) L = 4.

4.5 Let m(t) be a message that has the following amplitude proba-
bility density function:

(a) Design 1-bit (L = 2) quantizer that minimizes the average
power of the quantization error.
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1
fm(m)v[m)

» m, (volts)

(b) Compute the signal to quantization noise ratio SNR, and put
the answer in dB unit.
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Optimum Receiver for Binary Data
Transmission

In Chapter 4 it was shown how continuous waveforms are transformed
into binary digits (or bits) via the processes of sampling, quantization
and encoding (commonly referred to as pulse code modulation, or PCM).
However, it should be pointed out that bits are just abstractions and
there is nothing physical about the bits. Thus, for the transmission of
the information, we need something physical to represent or “carry” the
bits.

Here, we represent the binary digit b (0 or 1) by one of two electrical
waveforms s1(t) and s3(t). Such a representation is the function of the
modulator as shown in Figure 5.1. These waveforms are transmitted
through the channel and possibly perturbed by the noise. At the receiv-
ing side, the receiver needs to make a decision on the transmitted bit by,
based on the received signal r(t).

In this chapter we study the optimum receiver for a binary digital
communication system as illustrated in Figure 5.1. The performance of

m(t) {bk}‘ Modulator |2 =0 - Sl(tl

——»| Source Coding > - Channel
(Transmitter) b =1« s(t)

Demodulator |

-«—— Reconstructiori . -
(Receiver) ()

() .}

A

—D

£
=
G

Fig. 5.1. Block diagram of a binary digital communication system.

75
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the receiver will be measured in terms of error probability. A channel
model of infinite bandwidth with additive white Gaussian noise is as-
sumed. Though somewhat idealized, this channel model does provide
us with a starting point to develop necessary approaches to designing
and analyzing receivers. Besides, many communication channels such
as satellite and deep space communications are well represented by this
model.

Other assumptions and notations which pertain to the discussion of
the communication system in Figure 5.1 are as follows.

e The bit duration of by is T}, seconds, or the bit rate is r, = 1/T},
(bits/sec).

e Bits in two different time slots are statistically independent.

e The a priori probability (i.e., before we observe the received signal
r(t)) of by is given as follows:

Prlby =0] = P, (5.1)
Piy =1 = P, (5.2)

where P; + P, = 1. Most often, we will assume that the bits are
equally likely, i.e., P = P, = 1/2.

e The bit b, is mapped by the modulator into one of the two signals
s1(t) and so(t). Each signal is of duration T} seconds and has a finite
energy:

Ty
E, = / s1(t)dt (joules), F; < oo, (5.3)
0

Ty
B = / ()t (joules) Ey < 0o, (5.4)
0

For now we shall consider the signal waveforms to be arbitrary, but
known to the receiver. Later in Chapters 6 and 7, by employing cer-
tain waveforms for s1(t) and s2(t), many popular baseband/passband
modulation schemes are analyzed.

e The channel is wideband enough so that the signals s;(¢) and sa(t)
pass through without any distortion. FEssentially, this means that
there is no inter-symbol interference (IST) between successive bits.

e The noise w(t) is stationary Gaussian, zero-mean white noise with
two-sided power spectral density of Ny/2 (watts/Hz). This implies
that the pdf of the noise amplitude at any time instant ¢ is Gaussian
and

E{w®)} =0, E{wd)w(t+r)} = %5(7). (5.5)
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Given the above, the received signal over the time interval [(k —
1)Ty, kTp), i.e., the interval that we send the bit by, can be written as,

r(t) = si(t — (k — VTy) + w(t), (k—1)T, <t < kT (5.6)

The objective is to design a receiver (or demodulator) such that by
observing the signal r(t), the probability of making an error is minimized.
The development proceeds by reducing the problem from the observation
of a time waveform to that of observing a set of numbers (which are
random variables).f

The approach is basically to represent the signal s1(t), so(t) and the
noise, w(t), by a specifically chosen series. The coeflicients of this se-
ries then constitute the set of numbers on which our decision is based.
This approach leads to a geometrical interpretation which readily lends
insight and interpretation to the relationship between signal energy, dis-
tance between signals and error probability.

5.1 Geometric Representation of Signals s;(¢) and s5(t)

Consider two arbitrary signals s1(t) and s5(t). We wish to represent
them as linear combinations of two orthonormal functions ¢;(t) and
@2(t). Recall that two functions ¢ (¢) and ¢2(t) are said to be orthornor-
mal if the following two conditions are satisfied:

Ty
¢1(t)p2(t)dt = 0 (orthogonality), (5.7)
0

Ty Ty
H3(t)dt = $3(t)dt = 1 (normalized to have unit energy).
0 0

(5.8)

The signals s1(t) and sa(t) should have the following expansions in terms

of ¢1(t) and ¢s(1):
s1(t) = su¢i(t) + si2pa(t), (5.9)
s2(t) = s21P1(t) + s2202(t). (5.10)

By direct substitution and integral evaluation, it is simple to verify that
if one can represent s;(t) and s2(t) as in (5.9) and (5.10), then the
coefficients s;;, 7, j € {1,2} must be given as follows:

Sij = /Tb si(t);(t)dt, 1,7 € {1,2}, (5.11)
0

t A common name for this set is sufficient statistics, another is observables.
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where we can view the mathematical operation fOTh si(t)¢;(t)dt as the
projection of signal s;(t) onto the jth axis, ¢;(¢). Equations (5.9) and
(5.10) can be geometrically interpreted as shown in Figure 5.2.

()
Siz s(t)
S» S,(t)
t
0 Su Sa .

Fig. 5.2. Projection of s1(t) and s2(t) onto ¢1(t) and ¢2(t).

The question now is how do we choose the time functions ¢;(t) and

@2(t), so that (5.7) is satisfied and also that s;(¢) and s2(t) can be
exactly represented by them. More fundamentally, we could ask if such
a choice is possible. If possible, is the choice unique? As we shall see in
the following, the choice is not only possible but there are many possible
choices!

The most straightforward way to find ¢4 () and ¢o(¢) is as follows:

1 et 91(t) = —F—==. is means that the first orthonormal func-
i) Let ¢ ‘i}%) Thi hat the fi h ] f
1

tion is chosen to be identical in shape to the first signal, but is
normalized by the the square-root of the signal energy. Note that
from Equation (5.9), one has s11 = v/ E; and s12 = 0.

(i) To find ¢o(t), we first project sy(t) = f;(é—) onto ¢1(t) and call
2

this quantity p, the correlation coefficient:

g [0 g 1 / Y e Osad.  (5.12)
o VEz VEE Jo ' '
(iii) Now subtract the projection pe1(t) from s,(t) = SQ(Et) to obtain
2
aat) = 22 oy 1) (5.13)

VE:
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Intuitively we would expect ¢y(t) to be orthogonal to ¢y (). To
verify that this is true, consider

oo, T s5(t) ELg
Po(t)r(t)dt = = $1(t)dt —p ¢1(t)dt
0 2 0
= p—p=0. (5.14)

(iv) The only thing left to do is to normalize ¢ (t) to make sure that
¢2(t) has unit energy (see Problem 5.1):

o(t o (t
¢2(t) — T¢2([ ) - _ \/(iQ(_)2
VIE [op) at p
- [52(” - psl(t)} . (5.15)
To summarize, the two orthonormal functions are given by,
s1(t)
t) = , 5.16
1 s2(t)  psi(t)
Pa(t) = { — 5.17
2(1) — | (5.17)
Furthermore, the coefficients ss; and s95 can be determined as follows:
Ty
S91 = / SQ(t)¢1(t)dt =p EQ, (518)
0
. T L [sa()  psi(t)
So9 = sot tdt:/st [2 }dt
22 /0 2( )¢2( ) 0 2( )m \/E_g \/E_l

1

\/ﬁ (\/ E2 — p2 EQ) = (\/ 1-— p2) EQ. (519)
-p

Geometrically, the above procedure is illustrated in Figure 5.3.

To carry the geometric ideas further, define the distance between the
signals so(t) and s;1(t) as,

doy = \/ /0 P lsa(t) — 51 ()24, (5.20)
From the geometry of the signal representation we see that
dy = s+ (\/E_l - 821)2
(1- Pz) by + (El —2p\/E1Es + P2E2)
= By —2p\/E\E; + Es. (5.21)
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(40)
—
@(t) A gz(t)
VB e,
| it
0 a P \oa) a)
VE s s

-1< p=cos@ )< !

Fig. 5.3. Obtaining ¢1(t) and ¢2(t) from s1(t) and sa(t).

It can be verified that (try it yourself) evaluating (5.20) yields the same
result of (5.21) for the distance da;.

An important geometric interpretation follows directly from (5.21).
In particular, by setting one of the two signals to zero, the distance
between the two signals becomes the distance from the nonzero signal
to the origin. This distance is simply the square root of the energy of
the nonzero signal. For example, setting s1(t) = 0 makes F; = 0 in
(5.21) and results in d3, = Es, i.e., do1 = VFa.

The above procedure has shown that, two arbitrary deterministic
waveforms can be represented exactly by at most two properly chosen
orthonormal functions. This procedure can be generalized to a set with
an arbitrary number of finite-energy signals (which are not necessarily
limited to [0, 73] as in the case of two signals just considered) and it is
known as the Gram-Schmidt orthogonalization procedure. The Gram-
Schmidt procedure is outlined below for the set of M waveforms.

Gram-Schmidt Procedure. Suppose that we have a set of M
finite-energy waveforms {s;(t),i = 1,2..., M} and we wish to construct
a set of orthonormal waveforms that can represent {s;(t),s = 1,2..., M}
exactly. The first orthonormal function is simply constructed as,

P1(t) = ) (5.22)
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The subsequent orthonormal functions are found as follows:

’

(1)

NTRa

¢i(t) = i=2,3,...,N, (5.23)

where
Gt) = silt)~ Y subi(0) (5.24)

Sij = /OO si(t)g;(0)dt, j=1,2,...,i—1. (5.25)

—0oQ

In general, the number of orthonormal functions, N, is less than or
equal to the number of given waveforms, M, depending on one of the
two possibilities:

(i) If the waveforms {s;(t),i = 1,2..., M} form a linearly indepen-
dent set, then N = M.

(ii) If the waveforms {s;(t),i = 1,2..., M} are not linearly indepen-
dent, then N < M.

To illustrate the Gram-Schmidt procedure, let us consider a few ex-
amples.

Example 5.1. Consider a signal set shown in Figure 5.4-(a). This signal
set is in a sense a degenerate case since only one basis function ¢4 (t) is
needed to represent it. The signal energies are given by

Ty
B, = / s2(t)dt = V2T, = F, = F (joules). (5.26)
0

The first orthonormal function is given by

Sl(t) Sl(t)

+) = = . 5.27
Ty
t t
The correlation coefficient, p, is p = wdt = —1, reflecting
0
the fact that sa(t) = —s1(t). Therefore the unnormalized basis function

y(t) is

~—

Sg(t _ Sg(t) + Sl(t)
7 pe1(t) = — VB

The basis function ¢;(t) is plotted in Figure 5.4-(b). In terms of ¢4 ()

o (t) =

= 0. (5.28)
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s(t) s (t)
v
0 T t 0 ' t
(a) -V
@)
YT,
s (t) s,(t)
t —eo—— | o> @)
0 T, _JE 0 JE

(b) (©

Fig. 5.4. Example 5.1: (a) Signal set. (b) Orthonormal function. (c) Signal
space representation.

the two signals can be expressed as

sit) = VE¢(t), (5.29)
s2(t) = —VE(t). (5.30)

The geometrical representation of the two signals s1(¢) and s2(t) is pre-
sented in Figure 5.4-(c). Note that the distance between the two signals
is d21 = 2\/E

Example 5.2. The signal set considered in this example is given in
Figure 5.5-(a). Again this is a special case because the two signals are
orthogonal. The energy in each signal is equal to V2T, = E (joules).
The first orthonormal basis function is

P1(t) = : (5.31)
The correlation coefficient, p, is

[T si()sa(t)
p—/o e dr=o, (5.32)

which shows that the two signals are orthogonal. Therefore ¢, (t) =
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s(0) 30
\ \
T,
0 i t 0 T, t
-V
(@
am %)
YT N
Tb
0 t 0 T, t
Al
(b)

Fig. 5.5. Example 5.2: (a) Signal set. (b) Orthonormal functions.
@(1)

JE @ s()

s (1)
® @)
° JE

Fig. 5.6. Example 5.2: Signal space representation.

8\2/%) = ¢2(t). Thus the signals s1(t) and sy(t) are expressed as,
si(t) = VE$(1), (5.33)
s2(t) = VEg(t). (5.34)

Graphically, the orthonormal basis functions ¢4 () and ¢2(t) look as in
Figure 5.5-(b) and the signal space is plotted in Figure 5.6. The distance
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between the two signals can be easily computed as follows:
dyy =VE+E =V2E = V2VE. (5.35)

In comparing Examples 5.1 and 5.2 we observe that the energy per
bit at the transmitter or sending end is the same in each example. The
signals in Example 5.2 however are closer together and therefore at the
receiving end, in the presence of noise, we would expect more difficulty
in distinguishing which signal was sent. We shall see presently that this
is the case and quantitatively express this increased difficulty.

Example 5.3. This is a generalization of Examples 5.1 and 5.2. It is
included principally to illustrate the geometrical representation of two

signals. The signal set is shown in Figure 5.7, where each signal has
energy equal to E = V2Ty. The first basis function is ¢;(t) = 81—\/%)
The correlation coefficient p depends on parameter a and it is given by,

I 1 2
=— t)s1(t)dt = —— [VZa - V*(T, —a)] = = — 1. (5.36
p=5 | s 0 = o Ve - VAT —a)] = -1 (539
As a check, for a =0, p = —1 and for a = Ifb, p =0, as expected. The
second basis function is

1
Pa(t) = m[sz(@ — psi(t)]. (5.37)
s(0) S(1)
v v
a T,
0 T, t 0 !
-v

Fig. 5.7. Example 5.3: Signal set.

To obtain the geometrical picture, consider the case when a = in.

For this value of a one has p = —1. As before ¢ (t) = S\l/%), whereas
the second orthonormal function is given by,

2
T VAV,

1

(1) [sz(t) + 531@)] . (5.38)
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The two orthonormal basis functions are plotted in Figure 5.8. The
geometrical representation of s1(t) and s»(t) is given in Figure 5.9. Note
that the coefficients for the representation of ss(t) are so1 = —% FE and
S99 = @\/E Since s3, + 53, = F, the signal s5(t) is v/ E away from the
origin. In general as a varies from 0 to Ty, the function ¢o(t) changes.
However, for each specific ¢(t) the signal sy(t) is at a distance VE
from the origin. The locus of s2(t) is also plotted in Figure 5.9. Note
that as « increases, p increases and the distance between the two signals
decreases.

@t ®(1)

YA —

N

2 \ increasingy, p
JE
a=0
AW S a0
(-vE0) 0 (VEO

Fig. 5.9. Example 5.3: Signal space representation.

Example 5.4. Consider the signal set shown in Figure 5.10-(a). Again
the energy in each signal is £ = V2T}, joules. We have the following:

$1(t) = (5.39)
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I 2 (T2 (23 V3
p=5 | mosou=g [ (FEve)va= 2 )

B 1 s2(t)  si(t)] _ 2 . B ﬁs
da(t) = - %)% {\/E p \/F] =7 2(t) 5 1(15)] , (5.41)
So1 = ?\/E S99 = %\/E (5.42)
The distance between the two signals is
: 2 4
dy = VT [s2(t) — sl(t)]th] ={ |VE (1 - */§> + (‘/E>
0 2
= \/5(2—\/5)%: (2-v3)E (5.43)

The orthonormal functions are plotted in Figure 5.10-(b), whereas the
signal space representation is illustrated in Figure 5.11.

S10) S (t)

Jav
v
0 T, t o T2 T, t
(@
@l(t) (1)
3
T
YT ’
0 T, t o /)2 t
_ 3
Tb

(b)

Fig. 5.10. Example 5.4: (a) Signal set. (b) Orthonormal functions.
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®(t)
s
(V3E/2.vE/2)
s,(t)
g @)
° (V)

Fig. 5.11. Example 5.4: Signal space representation.

Example 5.5. As a final example to illustrate the Gram-Schmidt proce-
dure, consider two sinusoidal signals of the same frequency but different
phase:

si(t) = VE T%cos(%rfct), (5.44)
sot) = \/E\/zcos(wctw) (5.45)

Choose f. = QLTZ,’ k an integer. This choice means that cos(2w f.t) and

sin(27 f.t) are orthogonal over a duration of T} seconds. The energy in
each signal is

Tb 2
E, = E / —cos?(2n f.t)dt = E, (5.46)
o Ip

Ty 2
E, = E/ —cos’(2n f.t + 0)dt = E. (5.47)
o D
The first orthonormal function is

81(t> 2

=/ = cos(27m f.t). 5.48
Now using the basic trig identity cos(x + y) = cosx cosy — sinxsiny
write sa(t) as,

/2 . [2 .
s9(t) = (\/E cos 9) [ T cos(27rfct)} + (—\/Esm 9) [ T sm(27rfct)}
(5.49)
Since we have said that sin(27 f.t) is orthogonal to cos(27 f.t) (you might

want to show this for yourself) over the interval (0, T}), our second basis

o1(t) =
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function is chosen to be:

bo(t) = T%sin(%r £). (5.50)

Because s2(t) = s2101(t) + s22¢2(t), by inspection we have
s91 = VE cos 0, S0 =—VEsinb. (5.51)
Finally, the signal space plot looks as shown in Figure 5.12.
()

6=3n/2

p=0 Ty

s(t) o
a
/ 0 0

8=n
p=-1 JE locus ofs, () a®?

varies from 0 to Zr

S, (1)
\ 6=n/2
p=0

Fig. 5.12. Example 5.5: Signal space representation.

5.2 Representation of the Noise

As seen in the previous section, the signal set {si(t),s2(t)} used to
transmit the binary data needs at most only two orthonormal functions
to be represented exactly. In contrast, to represent the random noise
signal, w(t), in the time interval [(k — 1)T}, kT3] (the interval to receive
bit by) we need to use a complete orthonormal set of known deterministic
functions. The series representation of the noise is given by,

w(t) = Zwi¢z‘(t), (5.52)
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where the coefficients w; are given as follows:

Ty

Again the coefficient w; can be viewed as the projection of the noise
process onto the ¢;(t) axis. Note also that the above representation can
be used for any random signal.

The coefficients w;’s are random variables and understanding their
statistical properties is imperative in developing the optimum receiver.
When the noise process w(t) is zero-mean and white, one has the fol-
lowing important properties of these coefficients.}

(i) The average (also known as the mean, or DC, or expected) value
of w; is zero. This is because w(t) is a zero-mean random process.
Mathematically,

Elw) = 8{ / bw(tm(t)dt}

_ / " e lw(®)n(t)dt = 0. (5.54)
0

(ii) The correlation between w; and w; is given by,

Ty

Ewwy) = €] /()de)\w()\)gsi()\) | daremie; o)

Ty Ty

0

®i(N) l : ¢j(7')5{w(>\)w(7')}d7'] dA.

(5.55)
But w(t) is white noise, therefore E{w(Mw(r)} = H26(A — 7).

t It is important to stress the simple fact that if the noise w(t) is zero-mean and
white, it is not necessarily Gaussian.
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Equation (5.55) can now be written as,

Ty
etua) = [ ¢,»(A)[O 6,(r )NO (/\—T)dT] A
_ % Tb(ﬁ,»()\)@()\)[ Tba(A—T)dT] d
0 0
Ty
= 20 [T aine 0
0
Noo i
- { % z#; (5.56)

The above result means that w; and w; are uncorrelated if i # j.

In summary, the coefficients {w;,ws, ...} are zero-mean and uncorre-
lated random variables.

Now, if the noise process w(t) is not only zero-mean and white, but
also Gaussian, then each w; is a Gaussian random variable. This is
because w; is essentially obtained by passing the Gaussian process w(t)
through a linear transformation (system). Because the random variables
{wy,ws, ...} are Gaussian and uncorrelated, we deduce the important
property that they are statistically independent. Furthermore, we note
that the above properties do not depend on the set {¢;(¢),i = 1,2,...}
chosen, i.e., on the orthonormal basis functions. The set of orthonormal
basis functions that we shall choose will have as the first two functions
the functions ¢1(t) and ¢2(t) used to represent the two signals s (¢) and
s2(t) exactly. The remaining functions, i.e., ¢3(t), ¢4(t), ..., are simply
chosen to complete the set. However as shall be seen shortly, practically,
we do not need to find these functions.

5.3 Optimum Receiver

In any bit interval we receive the noise-corrupted signal. Let us concen-
trate, without any loss of generality, on the first bit interval, the received
signal is

r(t) = si(t)+wk), 0<t<T,

{ s1(t) +w(t), ifa “0” is transmitted

o(t) + w(t), if a 17 is transmitted (5:57)

The following, besides r(t), is known to us. We know exactly when the
time interval begins, i.e., the receiver is synchronized with the transmit-



5.8 Optimum Receiver 91

ter. The receiver knows precisely the two signals s1(t) and s (¢). Finally
the priori probability of a 0 or 1 being transmitted is also known.

To obtain the optimum receiver, we first expand r(¢) into a series
using the orthonormal functions {1 (¢), #2(t), d3(t),...}. As mentioned
before, the first two functions are chosen so that they can represent
the signals s1 () and s5(t) exactly (in effect the signals s;(¢) and so(¢)
determine them, for example by applying the Gram-Schmidt procedure).
The rest are chosen to complete the orthonormal set. The signal 7(t)
over the time interval [0,7}] can therefore be expressed as,

r(t) = si(t)+wk), 0<t<T,
= [si101(t) + si22(t)]

5i(t)
+ [w1¢1 (L) + waga(t) + wads(t) + wagpa(t) + - -]

w(t)
= (si1 +w1)@1(t) + (si2 + w2)2(t) + wads(t) + wada(t) + -
= 7101(t) + 1rada(t) + r3ps(t) + raga(t) + - - (5.58)
Ty
where r; = /0 r(t)¢;(t)dt, and
rT = 8;1+w
T2 = Siz+ w2
rys = w3 (5.59)
Ty = W4

It is important to note that r;, for j = 3,4,5,..., does not depend on
which signal (s1(t) or s2(t)) was transmitted.

The decision as to which signal has been transmitted can now be based
on the observations r1,7r2,73,74, . ... Before proceeding we need a crite-
rion which the decision should optimize. The criterion that we choose
is the perfectly natural one, namely to minimize the error probability.

To derive the receiver that minimizes the error probability, consider
the set of observations r = {ry,rg,73,...}. If we consider only the first
n terms in the set, then they form an n-dimensional observation space
which we have to partition into decision regions in order to minimize
the error probability. This is illustrated in Figure 5.13.



92 Optimum Receiver for Binary Data Transmission

Decidea"1" wastransmited — Observatio space!]

if r fallsin thisregion.
Decidea"0" wastransmited
if r fallsin thisregion.

Fig. 5.13. Observation space and decision regions.

The probability of making an error can be expressed as,

Prlerror] = Pr[(“0” decided and “1” transmitted) or
(“1” decided and “0” transmitted)]. (5.60)

Using obvious notations and the fact that the two events that constitute
the error event are mutually exclusive, the above can be written as,

Prlerror] Pr[0p, 17| + Pr[lp, O]

= Pr[OD‘lT] PI‘[lT] + PI‘[lD‘OT] PI‘[OT], (561)

where the second equality follows from Bayes’ rule. Consider now the
quantity Pr[0Op|l7]. A zero is decided when the observation r falls into
region R,. Therefore the probability that a “0” is decided given that a
“1” was transmitted is the same as the probability that r falls in region
R1 when a “1” is transmitted. But this latter probability is given by
the volume under the conditional density f(r|l7) in region R, i.e.,

Pr[0p|lr] = f(r|lp)dr  (note that this is a multiple integral).
R
1 (5.62)
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Since Pr[07] = P; and Pr[ly] = P, one has

Prlerror] = P, f(x|lp)dr + P, f(r|0r)dr
Rl R?

= PQ/ f(r|1T)dr+P1 f(I'|OT)dI‘
R—R2 R

- p /R F(e/1r)dr + / [PLf(x|07) — Pof(x|1s)]dr

Ra2

P+ /R [P, f(r]07) — Pof(r|1y)dr (5.63)

The error of course depends on how the observation space is parti-
tioned. Looking at the above expression for the error probability we
observe that if each r that makes the integrand [Py f(r|0r) — Pof(r|17)]
negative is assigned to R, then the error probability is minimized. Note
also that, for the observation r that gives [Py f(r|0r) — Po f(r|17)] = 0, it
does not matter to put r into Ry or Rq, i.e., the receiver can arbitrarily
decide “1” or “0”. Thus the minimum error probability decision rule
can be expressed as,

Py f(r|0r) — Pof(r|l7) >0 = decide “0” (0p) (5.64)
P f(r|0p) — Pof(r|l7) <0 = decide “1” (1p) '
Equivalently,
1p
[xllr) > P
fror) = By (5.65)
Op
The expression % is commonly called the likelihood ratio. The

receiver consists of computing this ratio and comparing the result to a
threshold determined by the a prior probabilities. Furthermore, observe
that the decision rule in (5.65) was derived without specifying any sta-
tistical properties of the noise process w(t). In other words, it is true
for any set of observations r.

The decision rule in (5.65) can, however, be greatly simplified when
the noise w(t) is zero-mean, white and Gaussian. In this case, the obser-
vations 71,79,73,74,. .., are statistically independent Gaussian random
variables. The variance of each coefficient is equal to the variance of the
noise coefficient, w;, which is Ny/2 (watts). The average or expected
values of the first two coefficients r; and ro are s;; and s;2, respec-
tively. The other coefficients, r;, j > 3, have zero mean. The conditional
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densities f(r|1r) and f(r|Or) can simply be written as products of the
individual probability density functions as follows:

f(e[lr) = f(ri[lr) f(r2|lr) f(rallr) - - f(ri[17), - (5.66)
f(x[07) = f(r1|07) f(r2|07) f(r3]07) - - - f(r;{07) -+ (5.67)

o = [0 L[ ]
x f(rs|lg) .- (5.68)
for) = e [ ] e [ ]

Xf(’l“;),‘OT) s (569)

Note that the terms f(r;|1r) = f(r;|0r) = ﬁ exp (fr?/No) for j >
3. Therefore they will cancel in the likelihood ratio in (5.65). Thus the
decision rule becomes

1p

oxp [~ (r1 — s21)*/No| exp [~ (r2 = 522)°/No| > P

exp [—(7’1 - 311)2/N0} exp [—(r2 — 512)2/]\[0] < P, (570)
Op

To further simplify the expression, take the natural logarithm of both
sides of (5.70). Since the natural logarithm is a monotonic function, the
inequality is preserved for each (r1,r2) pair. The resulting decision rule
becomes

Ip
(r1—s11)? 4+ (r2 —s12)> 2 (r1— s21)% + (r2 — s22)? + Noln (%)
Op
(5.71)

The above rule has an interesting geometrical interpretation. The
quantity (r1 — s11)? + (r2 — s12)? is the distance squared from the pro-
jection (r1,72) of the received signal r(t) to the transmitted signal s; (¢).
Similarly, (11 — s21)% + (rg — s22)? is the distance squared from (r1,72) to
s2(t). For the special case of Py = Py, i.e., each signal is equally likely,
the decision rule becomes

Ip
(7“1 - 811)2 + (7"2 - 812)2 E (’l"l - 821)2 + (7"2 - 822)2 (572)
Op
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In essence, the above implies that the optimum receiver needs to deter-
mine the distance from r(t) to both s1(¢) and s3(¢) and then choose the
signal that r(¢) is closest to.

For the more general case of P; # P, the decision regions are de-
termined by a line perpendicular to the line joining the two signals
{s1(t), s2(t)}, except that it now shifts toward sa(t) (if P, > P») or
toward s1(t) (if Py < P2). This is illustrated in Figure 5.14.

r, &)
S (t)
d, (/521;:)\\ - s@
r% (50:5)
(r,ry)
@)
0 r
Chooses,(t) Chooses,(t)

Fig. 5.14. Decision regions are determined by a line perpendicular to the line
joining s1(t) to s2(t).

5.4 Receiver Implementation

To determine, in a minimum error probability sense, whether a “0” or
“1” was transmitted we need to determine (ry,72) and then use (5.71) to
make a decision. The receiver would therefore look as shown in Figure
5.15.

The process of multiplying r(¢) by ¢1(t) and integrating over the bit
duration is that of correlation and therefore the above is called a cor-
relation receiver configuration. Since at the end of each bit duration
the integrator must be reset to zero initial condition, the above is also
commonly called an integrate-and-dump receiver. Moreover, the deci-
sion block can be simplified somewhat by expanding the terms in (5.71)
to arrive at

Ip
(ry — 811)2 + (7"2 — 812)2 E (ry — 821)2 + (TQ — 822)2 (5.73)
—N01DP1 OD —Nohlpg
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t=T,
T r
.[(-)d L4 ! Compute
0 (r1—31)2+(r2—§2)2
r(t) =s ) +w(t) - N, In(P) Decision
. ° I .
qt) t=T, fori=12
T 7 r andchoose
J(')d —° thesmallest
0
&)
Fig. 5.15. Correlation receiver implementation.
t=T,
f _oMy
. /T
,[ ( )d Form g w
° the
r( Choose| pecision
— . dot N, E the |—»
) - t=T, product] ?In(a)_f largest
b r .
J. (e)et —OM s :(TD >
0

(1) N, In(Pz)_E

t=T,
AN
» 0 () =@, -t) o
r(t) isi Decision
t=T, De_C|S|_on
Circuit
r

»h, () =@ (T, -t) o; o

Fig. 5.17. Receiver implementation using matched filters.

1p
>

r? —2ris11 + 83, + 13 = 7% — 271801 + 83, + 13 (5.74)

—2r9812 + 829 — NoIn Py Op  —2r9820 + 83, — NoIn Py

Cancelling the common terms, recognizing that E; = s2; + s3,, By =
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s3; + 835 and rearranging yields

1p
T1891 + T2822 — _E22 + NQQ P, 2 risin+resis — % + NQQ In P
Op
(5.75)
The term ris;1 + rasi2 = (71,72) (Sﬁ) can be interpreted as the dot
Si1

product between the vector r = (11, 72) representing the received signal
r(t) and the vector s; = (s;1, 8;2) representing the signal s;(t). Therefore
the receiver implementation can be redrawn as in Figure 5.16.

The correlation part of the optimum receiver involves a multiplier
and integrator. Multipliers are difficult to realize physically. As an
alternative, the correlator section can be implemented by a finite impulse
response filter as shown in Figure 5.17, where

ha(t) = ¢1(Th — 1), (5.76)
ha(t) = ¢2(Ty — 1) (5.77)

The above filters are generally referred to as matched filters, in this case
they are “matched” to the basis functions.

Example 5.6. Consider the signal set {s1(t),s2(t)} shown in Figure
5.18-(a). Simple inspection shows that this signal set can be represented
by the orthonormal functions {¢1(t), ¢2(¢)} in Figure 5.18-(b) as follows:

s1(t) = ¢1(t)+1¢2(t)

2
s2(t) —p1(t) + ¢Pa(t)

The energy in each of the signals is given as:

Tb Tb
By = / s2(t)dt = 1.25 (joules), E; = / s2(t)dt = 2 (joules).
0 0
(5.78)

Unlike the examples considered up to now, here the two signals have
unequal energy. The signal space plot looks as shown in Figure 5.19.
Consider now the detection of the transmitted signal over a bit interval
where the power spectral density of the white Gaussian noise is % =
0.5 (watts/Hz). The optimum receiver to minimize error consists of

projecting the received signal r(t) = s;(t) + w(t) onto ¢1(t), p2(t) and
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98
s(t) s, (t)
15
05

t 05 1 t
of o5 1 0
@
al) ()
1 1
05 1
0 1 t 0 t
-1
(b)

Fig. 5.18. Example 5.6: (a) Signal set. (b) Orthonormal functions.

®(t)
s,(t)
1

s(t)

0.5

| | t
1 0 05 1 @)

Fig. 5.19. Example 5.6: Signal space representation.

then applying the decision rule given by (5.71), that is

1p
(=124 (2= 12 2 i+’ +(a-12+h(H)  (5:79)

Op
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e, 1,
S,(t)
1__
@ s s()
| | | | (p‘l(t)
—Il —0{5 f 0 0.5 1 f
@), 1
S, (1)
‘\1_
®) 0
| | | | (pl(t)
—Il —Ol5 0 f 0.5 1 f
e, 1,
5 (1)
1__
(©
\
s(t)
-+ 05
| | | | (al(t)
—Il f —0{5 0 OI.S I1 I

Fig. 5.20. Example 5.6: Decision regions: (a) P1 = P, = 0.5. (b) P =
0.25, P, = 0.75. (c) P1 = 0.75, P, = 0.25.

Upon expanding the decision rule becomes that of (5.75) which can be
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written as
1p
—dry g — (% +In %) Z 0 (5.80)
Op

The boundary between the two decision regions is given by

3 Py
4ry — - —In— )] =0 5.81
rp—r2+ ( i P2> ( )
which is an equation of a straight line of slope 4 and intercept (% —1In %) .
In terms of (r9,71) the equation of the straight line joining the s5(¢) and
s1(t) points is given by

Ty — S12 T — S11 1

3
- , — 4o 5.82
S92 — 812 821 — 511 or 4 * 4 ( )

It can be seen that the straight lines defined by (5.81) and (5.82) are
perpendicular to each other. The decision regions therefore look as in
Figure 5.20 for 3 different sets of a priori probabilities.

Example 5.7. For the second example, consider the two orthonormal
functions shown in Figure 5.21. Let the signal set be as follows:

s2(t) = ¢1(t) + ¢2(2), (5.83)
s1(t) = ¢1(t) — da(t). (5.84)

The two signals have equal energy of Fy = FE; = 2 (joules). Note
that s1(¢) and s2(t) have a common component ¢1(t). Thus, intuitively
we would expect that only the component along ¢o(t) will help us to
distinguish between the possible transmitted signals in the presence of
noise. This is verified formally by applying (5.71) as follows:

1p
(7"1 — 1)2 + (T’Q + 1)2 — No 1nP1 z (T’l — 1)2 + (7"2 - 1)2 — N() In PQ,
Op
(5.85)
which simplifies to
1p
N, P
oz fpm(f) (5.86)
Op

The signal set and the decision region are shown in Figure 5.22. The
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@ (1)
3
1
1
G t o 1 t
V2
-1

Fig. 5.21. Example 5.7: Orthonormal functions.

@) r,
1 S, (t)
Chooses, (t)
&In PlE
P, @
0 1 h
Chooses; (t)
— 1 ® s(t)

Fig. 5.22. Example 5.7: Signal space representation and the decision regions.

receiver can be implemented using a correlator or a matched filter, as
shown in Figures 5.23-(a) and 5.23-(b), respectively.

5.5 Receiver Implementation with only One Correlator or
One Matched Filter

In general, for two arbitrary signals s;(t) and s2(t) we need two or-
thonormal basis functions to represent them exactly. Furthermore, the
optimum receiver requires the projection of r(¢) onto the two basis func-
tions. This in turn means that in the receiver implementation either
two correlators or two matched filters are required. In Example 5.7,
however, only one correlator or matched filter was required. For binary
data transmission, where the transmitted symbol is represented by one
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t=T,
® T, ° ; r,=2T O chooses,(t)
r
J'(o)d —oM Comparator ————
0 T r,<T O chooses(t)
o (1)
T =ﬁln it
V3 4 P,
0 Tt @)
h, (t) t=T,
| b i r,=T O chooses,(t)
— —oM Comparator ——»
r,<T O chooses(t)
o T t T
7=NojoR
4 Hp,

(b)

Fig. 5.23. Example 5.7: Receiver implementation. (a) Correlation receiver,
and (b) Matched filter receiver.

of two signals, this simplification is always possible by a judicious choice
of the orthonormal basis.

@ (t) @(t)
S(0 .
S S (1) =54 (t) + s, (t) A @)
@) o
| ST
S sO=sa0+s.e0 N\ e s()
Sy 4
a I a
S Si1 )
S
(@) (b)

Fig. 5.24. Signal space representation: (a) by ¢1(t) and ¢2(t) and (b) by ¢ (t)
and ¢2(t).
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Consider that s1(t) and s1(t) are represented by the orthonormal basis
¢1(t) and ¢o(t) as shown in Figure 5.24-(a). To simplify the receiver so
that only one correlator or matched filter is needed what we need is to
find orthonormal basis functions ¢;(t) and ¢o(t) such that along one
axis, say ¢ (t), the signals s (¢) and s5(¢) have an identical component.
To determine this basis set we rotate ¢1(t) and ¢o(t) through an angle
6 until one of the axis is perpendicular to the line joining s () to sa(t)
(see Problem 5.2). This rotation can be expressed as,

<(%1(t)) _ { co.sﬁ sin @ ] ((;Sl(t)). (5.87)
Ba(t) —sind cos@ | \¢2(t)

Now we project the received signal r(t) = s;(t) + w(t) onto the or-
thonormal basis functions ¢ (t) and ¢ (t). The components of s (t) and
s2(t) along b (t), namely $17 and 821, are identical. The noise projec-
tions w; and ws are again statistically independent zero-mean Gaussian
random variables with variance Ng/2.

As before, the other orthonormal basis functions ¢s(t), ¢4(t), . . ., are

simply chosen to complete the set. Again, given the fact that w(t) is
white and Gaussian, the likelihood ratio of the projections of r(t) onto

P1(t), d2(t), d3(t), ... is

1p
f(fl,f27f3,...,|1T) . f(§21 +w1)f(§22+w2)f(w3) > P
f(P1 72,7, [00)  f(811 4 i) f (812 4 w2) f(s) < B
Op
(5.88)
Which upon cancelling the common terms reduces to
1p
(722|1T) — f(§22 + 'UAJZ) > & (5 89)
f(P2]0r) — f(S12+w2) < P '
Op

Substituting in the exact expressions of the density functions, the deci-
sion rule becomes

P
Z (5.90)
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Taking the natural logarithm and simplifying, the final decision rule is

1p

s > S22+ 819 No/2 (&)

) = 2 + <§22 — §12 hl PQ . (591)
Op

Note that, to arrive at the above decision rule, it was assumed that

(822 — 812) > 0. This is indeed the case since, as will be shown later on

page 110, (822 — $12) measures the distance between the two signals.
Thus the optimum receiver consists of finding 7o by projecting r(¢)

~ Tb ~
onto ¢y(t), i.e., 7o = / r(t)¢2(t)dt, and comparing 72 to a threshold,
0

. §22+§12+( No/2 )ln<P1> (5.92)

2 899 — 812 Py

Two receiver implementations are shown in Figure 5.25-(a) and 5.25-
(b), corresponding to the correlation receiver and the matched filter,

respectively.
t=T,
% - feTO 1
r(t) f,
I(')d —] Comparator ——»
° T f,<T O 0O
@) @ Threshold T
t=T,
' - ’ ‘ feTO1,
h(t) =g, (T, -t) —o Comparator ——»
f,<T OO0,

f

ThresholdT
(b)

Fig. 5.25. Simplified optimum receiver: (a) Using one correlator. (b) Using
one matched filter.

As evidenced from Figure 5.25, one needs to know ¢o(t) in order to
implement the optimum receiver. This basis function can be determined
as follows. Observe first that ¢o(t) points along the line joining s; () to
s2(t) which, as a vector, is so(t) — s1(¢). Thus normalizing this vector
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so that the resultant time function has unit energy gives ég (t). That is,

(lgg(t) _ Sg(t) — Sl(t) _ Sg(t) — Sl(t) (593)

Ty 3 (Ey—2pVE B, + Ey)®
{/0 [s2(t) sl(t)]2dt}

Observe that the above expression of (ﬁg(t) illustrates that only the
difference between the two signals is important in making the optimum
decision at the receiver.

Example 5.8. Consider the signal set of Example 5.2. The signal space
diagram is shown in Figure 5.26. By inspection, a rotation of 45° results
in the desired orthonormal basis functions, where ¢1(t) and ¢o(t) can
be written as

hit) = %wl(t)wm

- 1
t) = —|—¢1(t) + t
P2(t) \/5[ P1(t) + da(t)]
The receiver implementations are illustrated in Figures 5.27-(a) and
5.27-(b).

@(t)

S(1) R
) K 10
() .

E S =S
E
s(t)
6=ml/4 a)

Fig. 5.26. Example 5.8: Signal space representation.

5.6 Receiver Performance

Consider now the determination of the performance of the optimum
receiver, which is measured in terms of its error probability. Recall
from the preceding section that the detection of the information bit by,
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t=T, N
‘) T : f=TO1,
J'(')d —o Comparator |——»
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of Tw/2 T, t @
o t=T,
- ‘ fF=2T0 1,
—» —o0 Comparator ——»
. T i, <T OO0,
ThresholdT
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Fig. 5.27. Receiver implementations of Example 5.8: (a) Correlation receiver.
(b) Matched filter receiver.

transmitted over the kth interval [(k — 1)Ty, kT}] consists of computing

kT, .
Py = / r(t)p2(t)dt and comparing 75 to the threshold
(k=1)T}

512 + 822 No <P1>
T= + — —In( —|. 5.94
2 2(822 — 512) Py (5:94)

When a “0” is transmitted, 75 is a Gaussian random variable of mean 3§12
and variance Ny/2 (watts). When a “1” is transmitted 73 is a Gaussian
random variable of mean 835 and variance Ny/2 (watts). Graphically
the conditional density functions f(73]|07) and f(#3|17) are illustrated
in Figure 5.28.

The probability of making an error is given by,

Prlerror] = Pr[(0 transmitted and 1 decided) or
(1 transmitted and 0 decided)]
= PI‘[(OT, 1D) or (IT,OD)}. (595)
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Decision boundary

l

o) ; 3 fe)
% N\

82 S
choose0; O | O choosel,

Fig. 5.28. Conditional density functions.

Since the two events are mutually exclusive, one has

Prlerror] = Pr[0p,1p]+ Pr[ly,0p]
PI‘[lD|OT} PI‘[OT] + PI‘[ODHT} Pr[lT]

) T
Py /T f(72]07)dr2 + Py / f(Fo]1p)dry (5.96)

Area B Area A

Note that the two integrals in (5.96) are equal to the area B and area A
in Figure 5.29, respectively. Thus the error probability can be calculated

as follows:
o] 1 8 __ a4 2
Prlerror] = Pl/T > exp {(7’2]\;12)} dry
T o A2
1 (o — 822) )
P ——=——== 3d 5.97
N /,oo N eXp{ No 2 (5:97)

Consider the first integral in (5.97). Change the variables A\ = (73 —
812)/4/No/2, then d\ = d72 _ and the lower limit becomes (T —

\/NO/Q

$12)/+/No/2. The integral therefore can be rewritten as
< 1 (72 —§12)2} . 1 °° ( )\2>
———expy—————— pdiy = — exp [ —— ) dA
/T V7 No P { No : V2or J Itz P 2
VNo/2

T — 519
Q (\/m> (5.98)

where Q(z) is called the @Q-function. This function is defined as the
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/o) t(ef)

I

8
AreaA AreaB
choose0; O | O choosel,

Fig. 5.29. Evaluation of the integrals by areas A and B.

area under a zero-mean, unit-variance Gaussian curve from z to co (see
Figure 5.30 for a graphical interpretation). Mathematically,

Qz) = b ooexp (——2> d\, —oo<z< o0 (5.99)

A plot of Q(x) is shown in Figure 5.31. It is also simple to verify the
following useful property of the Q-function:

Qz)=1-Q(—x), —oo<z <00 (5.100)

A

Area=Q(x)

Fig. 5.30. Illustration of the Q-function.
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—10|

10

Fig. 5.31. A plot of Q(z).

Similarly, the second integral in (5.97) can be evaluated as follows:

T W a2
1 (o — 822) )
V2T ee2) g
/_OC TNy P { No "2

T —
=1-Q 22 (5.101)
v No/2
where the second equality in the above evaluation follows by changing

A= (fg — 822)/+/No/2.
Therefore, in terms of the @-function, the probability of error can be
compactly expressed as:

T— §12 T — <§22
Prlerror] = P,Q +P|1-Q . (5.102)
/Ny /2 /Ny /2
Consider now the important case where the a priori probabilities are
equal, i.e., P| = P5. The threshold T becomes T = (§12 + §22)/2. Sub-
stituting this threshold into (5.102) and applying the property Q(x) =
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1 — Q(—x) of the @-function simplifies the expression of the error prob-
ability to
Prlerror] = Q So2 51z . (5.103)
V2Ny

The term (822 — $12) can be further evaluated as follows:

T R Ty R
Sy =61 = / s2(t)Ba(t)dt — / 51 () da(t)dt
0 0

/0 salt) — 1 ()] da(t)dt

S92 (t) — Sl(t)

de¢
(Ey — 2p/EL Ey + Eq)1/?

Ty
/ [sa(t) — s1(8)]
0

| o -sepa

(By — 2p\/BrEs + E1)Y?  don
= (By— 20V E\Ey + )Y (5.104)

The above result shows that §95 — 512 simply measures the distance be-
tween the two signals s1(t) and sa(t) (see (5.21)), which is consistent
with what is observed graphically in Figure 5.24-(b). The above evalu-
ation also shows that, as long as s1(t) # sa(t), the quantity 820 — 812 is
indeed positive. This is the assumption we used to arrive at the decision
rule in (5.91).

Since the term 4/Ny/2 is interpreted as the RMS value of the noise
at the output of the correlator or matched filter after sampling, one can

write the expression of the error performance as

(5.105)

Prlerror] = Q (distance between the signals)

2 x noise RMS value

Q(+) is a monotonically decreasing function of its argument, the proba-

distance between the signals
2xnoise RMS value

i.e., as either the two signals become more dissimilar (increasing the dis-
tances between them) or the noise power becomes less. Both factors of
course make it easier to distinguish between the two possible transmitted
signals at the receiver.

bility of error decreases as the ratio ( ) increases,

Typically the channel noise power is fixed and thus the only way to
reduce error is by maximizing the distance between the two signals. One
way of doing this is of course by increasing the signal energy.

However the transmitter also has an energy constraint, say v/E. Recall
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that in the signal space representation the distance from a signal point
to the origin of the {¢1(1), ¢2(¢)} plane is simply the square root of the
signal energy. Thus the signals must lie on or inside a circle of radius
VE. Therefore, to maximize the distance between the two signals one
chooses them so that they are placed 180° from each other. This implies
that s2(t) = —s1(¢) (you might want to show this). This very popular
signal set is commonly known as antipodal signalling.

A last observation is that the error probability does not depend on
the signal shapes but only on the distance between them. Vastly differ-
ent signal sets (in terms of time waveforms) will lead to the same error
peformance. This is due to the fact that our noise is considered to be
whitet and Gaussian.

Relationship between Q(z) and erfc(z). Besides the Q-function,
another function widely used in error probability calculation is the com-
plementary error function, denoted by erfc(-). The erfe-function is de-
fined as follows:

erfe(x)

% /Oo exp(—A%)dA (5.106)
1-— erlf(:c). (5.107)

By change of variables, it is not hard to show that the erfc-function and
the @-function are related by,

Qlz) = %erfc <5§> , (5.108)
or conversely,
erfe(z) = 2Q(V2z). (5.109)

Note that it is erfc(x), not Q(z), that is available in MATLAB.
Finally, the next example is provided to illustrate some of the most
important concepts introduced in this chapter.

Example 5.9. Consider the signal space diagram shown in Figure 5.32.

(a) Determine and sketch the two signals s1(t) and sa(¢).

1 “You can run but you cannot hide.” Because white noise has equal power at each
frequency one can say that the signals can run but cannot hide. The challenge to
boxing fans is: What famous person uttered this phrase and in what circumstance?
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(b)

1
®
% ot
2__
1 s(t) - 0
1—
-2 -1
! : t 1t
0o 1 2 A0
-1
+-1
1 - s,(0) -2

Fig. 5.32. Signal set for Example 5.9.

The two signals s1(t) and so(t) are used for the transmission of equally
likely bits 0 and 1, respectively, over an additive white Gaussian noise
(AWGN) channel. Clearly draw the decision boundary and the de-
cision regions of the optimum receiver. Write the expression for the
optimum decision rule.

Find and sketch the two orthonormal basis functions ¢1(t) and ¢o(t)
such that the optimum receiver can be implemented using only the
projection 75 of the received signal 7(£) onto the basis function ¢ (t).
Draw the block diagram of such a receiver that uses a matched filter.
Consider now the following argument put forth by your classmate.
She reasons that since the component of the signals along (51 (t) is
not useful at the receiver in determining which bit was transmitted,
one should not even transmit this component of the signal. Thus she
modifies the transmitted signal as follows:

sMt)y = si(t)— (component of s1(t) along ¢, (t)) (5.110)
M) = sa(t) — (component of s5(t) along ¢ (t)) (5.111)

Clearly identify the locations of s} (¢) and s}!(t) in the signal space
diagram. What is the average energy of this signal set? Compare it
to the average energy of the original set. Comment.

Solutions.
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(a) The two signals s1(t) and s2(t) can be determined simply from their
coordinates as:

S1 (t) = 311¢1(t) + 312¢2(t) = 2¢1(t) + ¢2(t) (5112)
Sg(t) = 821(251 (t) + 822¢2(t) = —(]51 (t) — 2¢2(t) (5113)

The two signals are plotted in Figure 5.33.

s,(t) s, (t)
] 1
0 t 0 t
-1 -1

Fig. 5.33. Plots of s1(t) and sa(t).

(b) Since the two binary bits are equally likely, the decision boundary of
the optimum receiver is the bisector of the line joining the two signals.
The optimum decision boundary and the decision regions are shown
in Figure 5.34. A simple inspection of the decision boundary in Figure
5.34 gives the following optimum decision rule:

1 —Ta. (5114)

SAIVS

Of course, the above expression for the optimum decision rule can
be also be reached by substituting all the signal coordinates into the
following fundamental minimum distance rule:

“0p”
(r — 521)2 + (rg — 822)2 % (r1 — 811)2 + (rg — 812)2-

”»

“Ip

(5.115)

(¢) From the signal space diagram in Figure 5.34, it is clear that the or-
thonormal basis functions ¢1(t) and ¢o(t) are obtained by rotating
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1
o) -
0 1 ®(t)
.. 2__
Decisian boundal ]0,3 $ (1)
v/
L 1 s -0
// ]
-2 -1 /! 1
| | o a5 t
i 1 2
6=-" -1
7 4
a

Fig. 5.34. Optimum decision boundary and decision regions.

$1(t) and ¢o(t) by 45° clockwise (i.e., § = —7), or 135° counterclock-

wise (i.e., # = 2T). This rotation is to ensure that $1(t) is perpendic-
ular to the line joining the two signals. Choosing § = —7 yields:

) } . (5.116)

It follows that

- 1

G = lor(t) = balt) (5.117)
balt) = %w)mm (5.118)

These two functions are plotted in Figure 5.35 together with the block
diagram of a receiver that uses one matched filter.

(d) The locations of s} (t) and s}/(¢) are shown on the signal space dia-
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a) 10}
2
1/2 L
0 ! o 1/2 t
-2
h(t) = g(A-1)
t=1
r(t) 2 2< f,20=0,
’ ° f,<0=1,
0 1/2 1 t

Matched filter

Fig. 5.35. Plots of ¢1(t) and ¢2(t) and the simplified receiver.

gram in Figure 5.34. The average energy of this signal set is simply:

1. . 1 5 5
EM = S(3 + 8) = Sl(B — 81) + (B2 — 83))
1 1 LY
= —E E - (& 5 :5_ NG
g (Bt Fa) =5 (S +420) (ﬂ)
= 4.5 (joules). (5.119)

The average energy of the modified signal set is clearly smaller than
the average energy of the original set, which is % = 5 joules.
Since the distance between the modified signals is the same as that of
the original signals, both sets perform identically in terms of the bit
error probability performance. The modified set is therefore preferred
due to its better energy (or power) efficiency. It should be pointed
out, however, that the other set might have better timing or spectral
properties. Besides error performance, the issues of timing and band-
width are also very important considerations and shall be explored
further in the next chapter.
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5.7 Summary

The foundation for the analysis, evaluation and design of a wide spec-
trum of digital communication systems has been developed in this chap-
ter. Since the approach is so fundamental it is worthwhile to summarize
the important features of it.

One starts with the modulator where a signal set comprised of two
members, s1(t) and so(t), is chosen to represent the binary digits “0”
and “1” respectively. Then an orthonormal set, {¢1(t), ¢2(t)}, is selected
to represent the two signals exactly. This representation is expressed ge-
ometrically in a signal space plot. The received signal is corrupted by
additive, white Gaussian noise (AWGN), w(t), which is also represented
by a series expansion using the orthonormal basis set, ¢;(t), ¢2(t), as
dictated by, s1(t), s2(t), and the set ¢5(t), Ppa(t), ..., which are used to
complete the set. However as shown the projections of the noise w(t)
onto the basis functions ¢3(t), ¢4(t), ..., do not provide any informa-
tion as to which signal was transmitted, they are irrelevant statistics.
Therefore these projections can be discarded or ignored which means
that in practice the basis functions ¢3(t), ¢4(t),..., do not need to be
determined.

Having developed a representation of the transmitted signal, the ad-
ditive noise and hence the received signal, r(t), attention was turned to
the development of the demodulator. To proceed the criterion of mini-
mizing bit error probability was chosen. This resulted in the likelihood
ratio test of Equation (5.65). One should observe that in the develop-
ment of the likelihood ratio test no assumptions regarding the statistics
of the received samples, 71, ro, 3, ..., were made. The developed test
is therefore quite general; what one needs to do is to determine the two
conditional densities, f(r|l7) and f(r|0Or).

Determination of these conditional densities is greatly simplified when
the important channel model of additive white Gaussian noise is invoked.
This is because the noise projections are Gaussian, uncorrelated and be-
cause they are Gaussian and uncorrelated they are statistically indepen-
dent. Therefore as mentioned above the projections of the received signal
onto ¢3(t), ¢4(t),..., can be ignored. The receiver, in this situation, has
a very intuitive interpretation either algebraically or graphically using
the the signal space plot. Mainly it can be interpreted as a minimum
distance receiver, i.e., choose the transmitter’s signal to which the re-
ceived signal is closest to, or as a maximum correlation receiver, i.e.,
choose the transmitter’s signal with which the received signal is most
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correlated. This interpretation holds directly when the transmitter’s
two signals are equally probable, which is the typical situation. If not,
then the distance or correlation needs to reflect this a priori knowledge.

The next two chapters apply the concepts developed in this chapter to
important baseband and passband modulation schemes for binary digital
communication systems. Though a formal approach known as Gram-
Schmidt was presented in this chapter to determine the orthonormal
basis {¢1(t), d2(t)} it shall be used sparingly, if at all, in the next two
chapters. Indeed the basis set shall be determined by inspection. But
to do this one should have a clear idea of and a firm grasp on what
orthogonality is. Two signals, s1(t) and sa(t), are orthogonal over the
interval of T seconds if and only if:

/ s1(t)sa(t)dt = 0.
T

Problems

5.1 Clearly verify the final expression of ¢o(t) in (5.15) on page 79.

5.2 Assume that s1(¢) and s;(t) are represented by an orthonormal
basis set {¢1(t), p2(t)} as shown in Figure 5.36.

@(t)
s,(1)

a)
X0

» s(t)

o 20

Fig. 5.36. Problem 5.2: Rotation of ¢1(t) and ¢2(¢) by 6.

Now consider the rotation of ¢1(t) and ¢2(t) by an angle 6 to
obtain a new set of functions {¢1(t), ¢2(¢t)}. This rotation can
be expressed as,

(=L o] e
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(a) Show that, regardless of the angle 6, the set {¢y(t), do(t)} is

also an orthonormal basis set.
Remark: Note that the above result means that the projection
of white noise of spectral strength No/2 (watts/Hz) onto the
basis set {p1(t), da(t)} still results in zero-mean uncorrelated
random variables with variance Ny/2 (watts).

(b) What are the values of # that make ¢ (t) perpendicular to
the line joining s1(t) to sa(t)? For these values of 8, mathe-
matically show that the components of s1(t) and s3(t) along
gﬁl(t), namely 817 and 851, are identical.

The @-function is defined as the area under a zero-mean, unit-
variance Gaussian curve from x to co. In determining the error
performance of the receiver in digital communications, one often
needs to compute the area from a threshold T to infinity under
a general Gaussian density function with mean p and variance
o2 (see Figure 5.37). Show that such an area can be expressed

asQ(%),—oongoo.

Area= Q(T%’u)

Fig. 5.37. Problem 5.3: The area under the right tail of a Gaussian pdf.

5.4

The next eight problems deal with the representation
of signals using the signal space diagram. It is almost
impossible to overestimate the importance of this con-
cept in digital communications. The reader is strongly
urged to attempt all problems.

(a) Consider two arbitrary signals s1(t) and s2(t) whose energies
are F; and FEs, respectively. Both signals are time-limited
over 0 <t <Ty. It is known that two orthonormal functions
¢1(t) and ¢2(t) can be used to exactly represent s;(t) and
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s2(t) as follows:

51(t) = s1161(t) + s1202(t)
{ So2(t) = s2101(t) + S2202(t) (P5.2)

Show that E; = s + s%, by directly evaluating fOTb s2(t)dt,
i=1,2.
(b) Let

o(t) = { VA cos2rft), 0T, P5.3)

0, otherwise
and
2 i <t<
Pa(t) = 7, Sn(nfet), 0<t<Ty (P5.4)
0, otherwise

Find the minimum value of frequency f. that makes ¢ (¢) and
¢2(t) orthogonal.
Remark: The signal set considered in (b) is an important one
in passband communication systems, not only binary but also
M-ary.
5.5 Consider the following two signals s1(¢) and s»(¢) that are time-
limited to [0, Tp):

s1(t) = Veos(2mf.t) (P5.5)
so(t) = Vecos(2mf.t+0) (P5.6)
where f, = % and k is an integer.

(a) Find the energies of both signals. Then determine the value
of V' so that both signals have an unit energy.

(b) Determine the correlation coefficient p of the two signals. Re-
call that

1 /Tb

p= s1(t)sa(t)dt (P5.7)
VE1E> Jo

(c) Plot p as a function of § over the range 0 < 6 < 27. What is
the value of 6 that makes the two signals orthogonal?

(d) Verify that the distance between the two signals is
d = V2E\/1—p. What is the value of # that maximizes
the distance between the two signals?
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Remark: The above is another important signal set. Relate
the value of 0 found in c) to Problem 5.4-(b). Sketch the answers
in (c) and (d) in the signal space to get geometrical insight.
Finally to determine the energies in (a): you may do it directly
or reason as follows. The RMS (root mean squared) of the signal
is say Vrms (volts) and, for a sinusoid with an integer number
of cycles in the time interval Ty, should be known by you from an
elementary signals course. The average dissipated power across

a 1 ohm resistor is then V‘%MS (watts). Multiplying by the time
interval gives the average energy of the signal VT (Watts x
sec = joules).

In contrast to Problem 5.5 where the phase of a sinusoid is used
to distinguish between the two signals, here the frequency is used.
Though the frequency can be chosen to mazimize the distance be-
tween the signals, in practice the frequency separation is chosen
so that the two signals are orthogonal. This greatly simplifies
receiver design and also makes synchronization easier, as shall
be seen in later chapters.

Consider the following signal set over 0 < t < Ty:

v = vl (n-2)] sy
Af

55(t) Vs cos [271' ( fot 7) t] (P5.9)

where f. = 2—% and k is an integer. The amplitudes V; and V;
are adjusted so that regardless of Af the energies Ey, Fs are
always the same and equal to F = @ joules.

(a) Determine and plot the correlation coefficient, p, as a function
of Af.

(b) Given that the distance between two equal-energy signals is
d = V2E\/T— p, show that the distance between the two
above signals is maximum when Af = 0‘771—15. Compute the
distance between s;(t) and so(t) for this Af. How much has
the distance increased as compared to the case p = 0.

This problem results in an orthonormal set that are a subset
of the well known Legendre polynomials. As such they are not
particularly important in communications. The problem is in-
cluded to strengthen your understanding of the Gram-Schmidt
procedure.
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Using the Gram-Schmidt procedure, construct an orthonor-
mal basis for the space of quadratic polynomials {ast? + a1t +
ag; ag,a1,as € R} over the interval —1 <¢ < 1.

Hint: The equivalent problem is to find an orthonormal basis
for three signals {1,¢,#?} over the interval —1 < ¢ < 1.
Consider a set of M orthogonal signal waveforms s,,(t), 1 <
m < M, 0 <t < T, all of which have the same energy FE.
Define a new set of M waveforms as

M
1
§m(t):sm(t)—MZsk(t), 1<m<M, 0<t<T.
k=1

(P5.10)
Show that the M signal waveforms {3,,(t)} have equal energy,
given by

E=(M-1)E/M (P5.11)
and are equally correlated, with correlation coefficient

1
M—-1

T
Pmn = i/ Sm ()8, (t)dt = — (P5.12)
E Jo

Remark: The signal set obtained here is the well known stm-
plex set. Signal space plots of them for M = 2,3,4 are quite
informative.
(A generalization of the Fourier approach to approzimate an en-
ergy signal) Suppose that s(t) igo a deterministic, real-valued sig-
nal with finite energy E, = / s%(t)dt. Furthermore suppose

—00
that there exists a set of orthonormal basis functions {¢,,(¢),n =

1,2,...,N}, ie.,
/_OO G () (1)t = { (1)’ (mi

) (m

3 (P5.13)

We want to approximate the signal s(t) by a weighted linear
combination of these basis functions, i.e.,

N

(t) = suon(t) (P5.14)

k=1

where {si,k = 1,2,..., N} are the coefficients in the approxi-
mation of s(t). The approximation error incurred is

e(t) = s(t) — 5(t) (P5.15)
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(a) Find the coefficients {s;} to minimize the energy of the ap-

proximation error.
(b) What is the minimum mean square approximation error, i.e.,

72 e?(t)dt?
—00

5.10 (This problem emphasizes the geometrical approach to signal
representation) Consider two signals s1(t) and s2(¢) as plotted
in Figure 5.38-(b). The two orthonormal basis functions ¢ (¢)

and ¢o(t) in Figure 5.38-(a) are chosen to represent the two
signals s1(t) and s2(t), i.e.,

[ A B L

at) ®(t)
1 1
@ 05 1
0 10t 0 t
1
s(t) s,(t)
2 2
(b)
o 05 t o 05 1

Fig. 5.38. Problem 5.10: Orthonormal functions and signal set.

(a) Determine the coefficients s;;, i,j € {1, 2}.
(b) Consider a new set of orthonormal functions ¢ (¢) and ¢&(t),
which are ¢;(¢) and ¢o(t) axes rotated by an angle of 6 degree,

[0 ]-T-me me] (28] e

First, analytically show that ¢f(¢) and ¢£(¢) are indeed two
orthonormal functions for any #. Then determine and draw
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the time waveforms of the new orthonormal functions for § =

60°.
(c¢) Determine the new set of coefficients 35, i,7 € {1,2} in the
representation:
s1(t) ] { sti - sth } { A1 (t) ]
= P5.18
o =13 B0 (Po15)

(d) Plot the geometrical picture for both basis function sets (orig-
inal and rotated) and also for the two signal points.

(e) Determine the distance d between the two signals s;(¢) and
s2(t) in two ways:

1
(i) Algebraically: d = \//0 [s1(t) — so(t)]* dt.

(ii) Geometrically: From the signal space plot of (d) above.

(f) Thought ¢1(t) and ¢2(t) can represent the two given signals,
they are by no means a complete basis set because they can-
not represent an arbitrary, finite-energy signal defined on the
time interval [0, 1]. As a start to complete the basis, plot the
next two possible orthonormal functions ¢3(t) and ¢4(t) of
the basis set.

5.11 (Again more practice in determining an orthonormal basis set
to represent the signal set exvactly but in the M-ary, M = 4,
case) Consider the set of four time-limited waveforms shown in
Fig. 5.39.

(a) Using the Gram-Schmidt procedure, construct a set of or-
thonormal basis functions for these waveforms.

(b) By inspection, show that the set of orthonormal functions in
Fig. 5.40 can also be used to exactly represent the four signals
in Fig. 5.39.

(c¢) Clearly plot the geometrical representation of the set of four
signals {s1(t), s2(t), s3(t), s4(t)} in the three-dimensional sig-
nal space spanned by {g1(t), g2(t), g3(¢)}.

The next three problems consider aspects of the design
of a minimum error probability communication system.

5.12 (An orthogonal binary signal set) Consider the following signal
set for binary data transmission over a channel disturbed by
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si(t) (1)

1—| 1
q 1 2 t ] 2 3 t
4l

J 1 2 t g 2 g !
_1—— 1
Fig. 5.39. Problem 5.11: A set of four time-limited waveforms.

g,(t) g, () g,(t)

Fig. 5.40. Problem 5.11: A set of three orthonormal functions.

additive white Gaussian noise:

A (@) <t<T
si(t) = cos\7 ), 0st=T (P5.19)
0, otherwise

(P5.20)

sa(t) .
0, otherwise

{ \/§Asin(%t>, 0<t<Ty

The noise is zero-mean and has two-sided power spectral density
Ny/2. As usual, s;1(t) is used for the transmission of bit “0” and
s2(t) is for the transmission of bit “1”. Furthermore, the two
bits are equally likely.

(a) Show that s1(t) is orthogonal to sa(t). Then find and draw
an orthonormal basis {¢1(t),¢=2(t)} for the signal set.

(b) Draw the signal space diagram and the optimum decision re-
gions. Write the expression for the optimum decision rule.

(c) Let A =1V and assume that Ny = 10~% watts/Hz. What is
the maximum bit rate that can be sent with a probability of
error Prlerror] < 1076.
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(d) Draw the block diagram of an optimum receiver that uses
only one matched filter. Give the precise expression for the
impulse response of the matched filter.

(e) Assume that, as long as the average energy of the signal set
{51(t), s2(t)} stays the same, you can freely change (or move)
both s1(t) and s3(¢) in the same signal space. Modify them so
that the probability of error is as small as possible. Explain
your answer.

5.13 Consider the signal set in Fig. 5.41 for binary data transmission
over an AWGN channel. The noise is zero-mean and has two-
sided power spectral density Ny/2. As usual, s1(t) and sa(¢)
are used for the transmission of equally likely bits “0” and “17,
respectively. Furthermore, you are told that the energy of s (¢)

is VQTb/S.
s,(t) s, (1)
\Y \Y
Tb
t
0 T Ty ‘ 0 T
2 2
-V

Fig. 5.41. Problem 5.13: A binary signal set.

(a) Show that s1(t) is orthogonal to s2(t). Then find and draw
an orthonormal basis set {¢1(t),p2(t)} for the signal set.

(b) Draw the signal space diagram and the optimum decision re-
gions. Write the expression for the optimum decision rule.

(c) Let V =1 volt and assume that Ny = 10~® watts/Hz. What
is the maximum bit rate that can be sent with a probability
of error Prlerror] < 1076.

(d) Draw the block diagram of an optimum receiver that uses only
one matched filter and clearly sketch the impulse response of
the matched filter.

(e) Assume that the signal s;(t) is fixed. You however can change
the shape, but not the energy, of s2(t). Modify s2(t) so that
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the probability of error is as small as possible. Explain your
answer.

Consider the signal set in Figure 5.42 for binary data transmis-
sion over a channel disturbed by additive white Gaussian noise.
The noise is zero-mean and has two-sided power spectral density
No/2. As usual, s;1(t) is used for the transmission of bit “0” and
so(t) is for the transmission of bit “1”. Furthermore, the two
bits are equiprobable.

si(t) S(t)
A

A A

0 T2 o T2 7
Fig. 5.42. Problem 5.14: A binary signal set.

(a) Find and draw an orthonormal basis {¢;(t),¢2(t)} for the
signal set.

(b) Draw the signal space diagram and the optimum decision re-
gions. Write the expression for the optimum decision rule.

(c) Draw the block diagram of the receiver that implements the
optimum decision rule in (b).

(d) Let A =1V and assume that Ny = 1073 watts/Hz. What is
the maximum bit rate that can be sent with a probability of
error Prerror] < 1076.

(e) Draw the block diagram of an optimum receiver that uses
only one correlator or one matched filter.

(f) Assume that signal s1(t) is fixed as above. You however can
change s2(t). Modify it so that the average energy is main-
tained at A2T'/2 but the probability of error is as small as
possible. Explain your answer.

(An example of colored noise) For a binary communication sys-
tem with additive white Gaussian noise, the error performance
of the optimum receiver does not depend on the specific signal
shapes but simply on the distance between the two signals. This
problem considers noise that is Gaussian but not white (i.e., it is
colored noise). The communication system under consideration
is shown in Figure 5.43.
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Fig. 5.43. Problem 5.15: A binary communication system with additive noise.

The noise, n(t) = n, is simply a DC level but the amplitude
of the level is random and is Gaussian distributed with a prob-
ability density function given by

1 n?
f(n) = N TR (—2—N0> (P5.21)

(a) Determine the auto-correlation and the power spectral density
of the noise. Are the successive noise samples correlated?

(b) Consider the signal set and the receiver shown in Figure 5.44.
As usual, s1(¢) is used for the transmission of bit “0” and
s9(t) is for the transmission of bit “1”. What is the error
probability of this receiver?

si(t) S (t)
\
T
3 T t g t
-V
t=T
r(t) ij( bt 2 /\ r12030D
Ty n<0=1,

Fig. 5.44. Problem 5.15: The signal set and receiver considered in Part (b).

(¢) Next consider the signal set in Figure 5.45. Find a receiver
that will have an error probability of zero.

5.16 In the development of the optimum demodulator the concept of
the matched filter arose: either matched to the orthonormal basis
set that is used to represent the signal set or directly to the signal
set. The optimality criterion was minimum error probability.
This problem shows that the matched filter has another “nice”
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s (t) S,(t)
v v
Ti2 T
0 T ot 0 t
Y

Fig. 5.45. Problem 5.15: The signal set considered in Part (c).

property, namely, it maximizes the signal to noise ratio at the
output.
Consider the block diagram shown below:

S(t) +w(t) S, (1) +w, (1)

—»{ h(t) = H(f) ———»

Fig. 5.46. Problem 5.16: A block diagram of the matched filter.

The signal s(t) is known, i.e., deterministic, and duration lim-
ited to [0, T3] seconds. The input noise w(t) is white with spec-
tral strength of Ny/2. Tt is desired to determine the impulse
response h(t), or equivalently the transfer function H(f), that
mazimizes the signal-to-noise ratio at the output at time t = ¢y.
The problem is therefore, choose h(t) so that

so(to) _ s3(to)
Ewi®)y  Pu,

is maximized. To find the solution, proceed as follows:

SNRgyt = (P5.22)

(a) Write the expression for s,(t) in terms of H(f) and S(f).
From this get the expression for s2(t).

(b) Write the expression for the output noise power P, (watts)
in terms of H(f) and the input noise power spectral density.
Based on the results in (a) and (b) write the expression for
SNRout -

To proceed further we need the Schwarz inequality, which
states that for any two real functions a(t) and b(t) one has:

[ / O:oa(t)b(t)dtr< /_o; 2o /_‘: Pod (#523)
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(c) Prove this inequality. The starting point is to consider
S5 [a(t) + Ab(t)]2dt > 0 (always). Expand the square and
observe that the quadratic in A cannot have any real roots to
arrive at the inequality. When does the equality hold?

(d) Recall that [ a(t)b(t)dt = [ A(f)B*(f)df. (Why?)
Rewrite the Schwarz inequality in the frequency domain, i.e.,

in terms of A(f) and B(f).

(e) Identify: A(f) = H(f) and B*(f) = S(f)e’?"/*. Argue that
SNRow: < [, 3Far.

(f) Choose H(f) to achieve equality and to complete the problem,
find the corresponding h(t).

A communication magazine carries an advertisement that adver-
tises bargain basement pieces on a filter that has the following
impulse response.

h(t)

t

0 2T, T

Fig. 5.47. Problem 5.17: An impulse response.

The manager of your division notices this and asks you to
design an antipodal binary modulator for an AWGN channel
with two-sided power spectral density of Ny/2 (watts/Hz). The
goal of the design is to take advantage of this filter in the receiver
for an optimum demodulation.

(a) Please design the modulator, basically the signal set to take
advantage of this filter. Explain.

(b) Assume that Ny = 10~* watts/Hz. What is the maximum bit
rate that can be sent with a probability of error Prlerror] <
1073.

Remark: In doing this problem a hint is that one can match
the filter to the signal or match the signal to the filter. A para-
phrase of the biblical statement: one can either bring the moun-
tain to Moses or Moses to the mountain.

(Antipodal signalling) The received signal in a binary commu-
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nication system that employs antipodal signals is

s(t) +n(t) if “0” is transmitted
—s(t) +n(t) if “1” is transmitted
(P5.24)
where s(t) is shown in Figure 5.48 and n(t) is AWGN with
power-spectral density No/2 (watts/Hz).

r(t) = si(t) + n(t) = {

S(t)

0 T,/3  21,/3 T,
Fig. 5.48. Problem 5.18: Plot of s(t).

(a) Sketch the impulse response of the filter matched to s(t).

(b) Precisely sketch the output of the filter to the input s(t)
(i.e., “0” was transmitted and noise is ignored).

(¢) Precisely sketch the output of the filter to the input —s(t)
(i.e., “1” was transmitted and noise is ignored).

(d) Compute the signal-to-noise ratio (SNR) at the output of the
the filter at t = T}.

(e) Determine the probability of error as a function of SNR.

(f) Plot the probability of error (in a log scale) as a function
of SNR (in dB). What is the minimum SNR to achieve a
probability of error of 10767

5.19 (Bandwidth) Consider an antipodal binary communication sys-
tem, where the two signals s(¢) and —s(t) are used to transmit
bits 0 and 1 respectively in every Tj seconds. You have learned
in this chapter that the error performance of the optimum re-
ceiver for such a system depends on the energy, NOT the spe-
cific shape of the signal s(t). Despite this fact, the choice of s(¢)
is important in any practical design because it determines the
transmission bandwidth of the system.

Since the signal s(t) is time-limited to T} seconds, it cannot
be band-limited and a bandwidth definition is required. Here
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we define W to be the bandwidth of the signal s(¢) if €% of
the total energy of s(t) is contained inside the band [—W, W].
Mathematically, this means that:

w w
/ IS(H)IPdf 2/ 1S(f)|2df

W _ 0 _ €
| 1stpas B 100

— 00

(P5.25)

where S(f) is the Fourier transform of s(¢). Consider the fol-
lowing three signals:

(i) Rectangular pulse: s(t) = L oo<t<T.

(ii) Half-sine: s(t) = T%, sin (%), 0<t<Ty.

(iii) Raised cosine: s(t) = 22 [1 — cos (m)}, 0<t<Ty.

375 T,
Note that all the three signals have been normalized to have
unit energy, i.e., E =1 (joules).

(a) Derive (P5.25) for the above three signals. Try to put the
final expressions in the form such that WT, appears only in
the limit of the integrals.

(b) Based on the expressions obtained in (a), evaluate WTj, for
the three signals for each of the following values of e: € = 90,
€ =95 and € = 99.

Note: For this part, you need to do the integration numeri-
cally. In MATLAB, the routine quadl is useful for numerical
integration. Type help quadl to see how to use this routine.

In antipodal signalling, two signals s(t) and —s(t) are used to
transmit equally likely bits 0 and 1, respectively. Consider two
communication systems, called system-(i) and system-(ii), that
use two different time-limited waveforms as shown in Figure
5.49.

(a) What is the relationship between the parameters A and B
of the two waveforms if the two communication systems have
the same error performance? Explain your answer.

(b) Since the two signals in Figure 5.49 are time-limited, they can-

not be band-limited and a bandwidth definition is required.
Here we define W to be the bandwidth of the signal s(t) if
95% of the total energy of s(t) is contained inside the band
[-W,W]. Assume that both systems have the same bit rate
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s(t) s(t)
A A
B

A

0 T 0 T/2 T
() (i)

Fig. 5.49. Problem 5.20: Two possible waveforms for antipodal signalling.

5.21

of 2 Mbps. What are the required bandwidths of the two
systems? What system is preferred and why?

Hint: The bandwidths of the above two signals have been
found to be Wy = 2.07/T and Wy = 1.00/T.

(c) Consider the system that uses s(t) in Figure 5.49-(i). How
large does the voltage level A need to be to achieve an error
probability of 1076 if the bit rate is 2 Mbps and % =108
(watts/Hz)?

(A diversity system) Consider an antipodal signalling system in
Figure 5.50, where the signal s(¢) and —s(t) are used to transmit
the information bits “1” and “0” respectively. The bit duration
is T and s(t) is assumed to have unit energy. The signal is sent
via two different channels, denoted ‘A’ and ‘B’, to the same
destination. Each channel is described by a gain factor (Va
or Vp) and additive white Gaussian noise (wa(t) or wg(t)).
The noises w4 (t) and wp(t) both have zero means and power
spectral density of 0% and o% respectively. Furthermore they
are independent noise sources.

The receiver for such a system consists of two correlators, one
for each channel, as shown in Figure 5.50. The output of one
correlator, say the one corresponding to channel A, is passed
through an amplifier with an adjustable voltage gain K. The
signals are then added before being compared with a threshold
of zero to make the decision.

(a) For a fixed K, find the probability of error of this system.
Hint: The noise samples w4 and wp are independent, zero
mean, Gaussian random variables with variances 0% and 0%
respectively. Furthermore, the sum of two independent Gaus-
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Fig. 5.50. Problem 5.21: A diversity system.

sian random variables is a Gaussian random variable whose
variance equals the sum of the individual variances.

(b) Find the value of K that minimizes the probability of error.

Hint: Minimizing Q(x) is equivalent to maximizing x.

(¢) What is the probability of error when the optimum value of

K is used?

(d) What is the probability of error when K is simply set to 17

5.22

Remark: Diversity is a modulation technique that is used to
combat fading, a channel degradation commonly experienced in
wireless communications.

The next two problems look at channels that are not

modelled as AWGN. Though the general results obtained
for the AWGN channel do not apply directly one can
still use the concepts developed in this chapter. In par-
ticular, as mentioned in the summary section, the like-
lihood ratio test of Equation (5.65) holds.
(Detection in Laplacian noise) Consider the communication sys-
tem model in Figure 5.51, where Pr[s;(t)] = P, and Pr[sy(t)] =
P5,. The noise is modeled to be Laplacian. At the receiver, you
sample r(t) uniformly m times within the time period [0, T}].
The samples are taken far enough apart so that you feel rea-
sonably confident that the noise samples r; = r(jTp/m), j =
1,...,m, are statistically independent.

(a) Determine the two conditional density functions for a single

sample, i.e., f(r;|1r) and f(r;|0r). From this what are the
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S,(t)
\Y
; n(t): Zero-mean
ol T, Laplacian noise
+
50— 10
|

Fig. 5.51. Problem 5.22: A binary communication system with additive noise.

5.23

conditional density functions f(ri,re, -+ ,rm|lr) and
f(rlvr27 e 7Tm‘OT)?
(b) Find the In of the likelihood ratio:

f(rlvr% N ',7"m|1T)
f(rla’rQa t '7rm|OT)

(P5.26)

Simplify the sum as much as possible by considering the sam-
ples that fall in three different ranges: r; < 0 with m; sam-
ples; 0 < r; <V with mo samples; V' < r; with ms samples,
where my + mgo + m3 = m. Considering the three different
ranges should allow you to eliminate the magnitude operation.
(c¢) Derive the decision rule that minimizes the error probability.

(Optical communications) As one goes higher and higher in fre-
quency, the wavelike nature of electromagnetic radiation recedes
into the background and quantum effects become more pro-
nounced. In optical communications, one turns on the source
(say a semiconductor laser) for a fixed interval of time and lets
it radiate energy (photons). This represents the binary digit
“17. To transmit a “0” the laser is switched off but because of
background radiation, there are photons arriving at the receiver
even when the laser is switched off. A common model for the
number of photons emmited per unit time is that it is random
and behaves like a Poisson point process. Thus

Aeg—A

Pr[k photons emitted in a unit interval] = i

,k=0,1,...,
(P5.27)
where A is the mean arrival rate with units of photons per unit

time. Let the signalling interval be 7} seconds. The receiver
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would count the number of photons received in the interval
[0,T] and based on this count make a decision as to whether
a “0” or “1” was transmitted. Assume that the probability of
transmitting a “1” is the same as transmitting “0”. Note also
that A = A; + A, or A = \,,, where )\, is due to the transmitter
laser being turned on and A, is due to the background radiation.

(a) Design the receiver that minimizes the probability of error.

(b) After designing the receiver, derive an expression for the error

performance. Note that the average transmitted energy is
hfTy,, where hf is the energy of photon with frequency f,
h is Planck’s constant (b = 6.6 x 1073%) and AT} is the
average number of signal photons per bit interval. Is the error
performance dependent on “some” SNR?

(Signal design for non-uniform sources) Consider a binary com-
munication system where s1(¢) and s3(t) are used for the trans-
mission of bits “0” and “1”, respectively, over an AWGN chan-
nel. The bit duration is T}, and both s;(¢) and sy(¢) are time-
limited to [0, T,]. Furthermore, the a priori probabilities of the
information bits are:

Pr[0r] = Pr[s1(t)] =p < 0.5, Pr[ly] = Pr[s2(t)] =1 —p > 0.5

(P5.28)

The two signals s1(t) and s2(t) have energies E; and FEy. The

optimum receiver for such a system implements the following
decision rule:

T Y B, —E N
rtst—stdtig—i——oln(i
| 0l —sigar = 252 T (2

Op

) (P5.29)

where 7(t) is the received signal and £2 is the power spectral
density of the AWGN.

It was derived in this chapter that the error performance of
the above optimum receiver is:

Prlerror] = pQ (3%;;) +(1-p) ll -Q (T Nj;;)]

(P5.30)

where

312 + S22 Ny ( p )
T = + —= — In P5.31
2 2(822 — 812) 1 —p ( )
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and 819, S22 are the projections of s1(¢) and sa(t) onto (ﬁg(t),
respectively. The basis function ¢o(t) is given by:
ég(t) _ 52(t) - 51(t>
(E2 — 2p\/ E1E2 + E1)1/2’

(P5.32)
with

1 Ty
P /0 s1(t)sa(1)dt. (P5.33)

The above results apply for an arbitrary source distribution
(i.e., arbitrary value of p < 0.5) and arbitrary signal set {s1 (¢), s2(¢)}.
Now consider the case that p is fixed but one can freely design
s1(t) and s2(t) to minimize Prlerror] in (P5.30). Of course, the
design is subject to a constraint on the average transmitted en-
ergy:

Ey = Eip+ Ey(1 —p) (P5.34)

(a) Show that the error probability in (P5.30) can be written
as:

Prlerror] = pQ <\/Z — 3) +(1-p)Q <\/Z +

7 )

(P5.35)

1— Sa9—812)2
where B = 0.51n (Tp> > 0 and A = % =
% = B2y EnBpd By éﬁéEﬁEl It can be shown from (P5.35)

that Prlerror] is minimized when A, or equivalently da1,
is mazimized.

(b) Consider a special case of orthogonal signalling, i.e., p =
0. Design the two signals s1(t) and s2(t) to minimize
Prlerror].

(¢) Assume that p = 0.1. Use MATLAB to plot on the
same figure the Prferror| of the system that uses your
signal design obtained in (b) and also the Pr[error] of the
system that uses the “conventional” design of £y = Fy =
Ey. Show your plots over the ranges [0 : 1 : 20] dB for
E, /Ny and [1077 — 10°] for Prlerror]. What is the gain
in Ej,/Ny of your design over the conventional design at
Prlerror] = 10757

(d) Now let p be arbitrary. Design the two signals s;(¢) and
s2(t) to minimize Prlerror]. Repeat (c) for the signal
set obtained in this part and antipodal signalling (also
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assume that p = 0.1). Hint: Argue that the optimal
signal set must correspond to p < 0.

A ternary communication system transmits one of three signals,
s(t), 0, or —s(t) every T seconds. The received signals is either
r(t) = s(t) + w(t), r(t) = w(t) or r(t) = —s(t) + w(t) where
w(t) is white Gaussian noise with zero mean and power spectral
density of Ny/2. The optimum receiver computes the correlation
metric

T
U:./o r(t)s(t)dt (P5.36)

and compares U with a threshold A and a threshold —A. If
U > A, the decision is made that s(t) was sent. If U < —A the
decision is made in favor of —s(t). If —A < U < A, the decision
is made in favor of 0.

(a) Determine the three conditional probabilities of error: P,
given that s(¢) was sent, P, given that —s(¢) was sent,
and P, given that 0 was sent.

(b) Determine the average probability of error P, as a func-
tion of the threshold A, where the a priori probabilities
of the three signals are Pr[s(t)] = Pr[—s(t)] = 1 and
Pr[0] = 1.

(c) Determine the value of A that minimizes the average
probability of error when the a priori probabilities of
three signals are given as in (c¢). How does the value
of A change if three signals are equally probable?

Hint:
0Q(x) 1 x?
or = o P (—?> (P5.37)

Remark: This problem illustrates that the concepts developed in
this chapter can also be applied for a communication system that
employs more than two waveforms.

(Regenerative repeaters or why go digital) In analog communica-
tion systems, amplifiers called repeaters are used to periodically
boost the signal strength in transmission through a noise chan-
nel. However each amplifier also boosts the noise in the system.
In contrast, digital communication systems allow us to detect
and regenerate a clean (noise-free) signal in a transmission chan-
nel. Such devices, called regenerative repeaters, are frequently
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used in wireline and fiber optic communication channels. The
front end of each regenerative repeater consists of a demodula-
tor/detector that demodulates and detects the transmitted dig-
ital information sequence sent by the preceding repeater. Once
detected, the sequence is passed to the transmitter side of the
repeater, which maps the sequence into the signal waveforms
that are transmitted to the next repeater.

Since a noise-free signal is regenerated at each repeater, the
additive noise does not accumulate. However, when errors occur
in the detector of a repeater, the errors are propagated forward
to the following repeaters in the channel. To evaluate the effect
of errors on the performance of the overall system, suppose that
antipodal signalling is used, so that the probability of a bit error
for one hop (signal transmission from one repeater to the next

in the chain) is
25,
P, = — P5.38
—o(fB) o

where FEj is the energy per bit, Np/2 is the PSD of the noise
and Ejp/Np is the signal to noise ratio (SNR).

Since errors occur with low probability, we may ignore the
probability that any one bit will be detected incorrectly more
than once in transmission through a channel with K repeaters.
Consequently, the number of errors will increase linearly with
the number of regenerative repeaters in the channel, and there-
fore, the overall probability of error may be approximated as

2E,

Py = KQ ( N—0> (P5.39)

In contrast, the use of K analog repeaters in the channel
reduces the received SNR by K, and hence, the bit error prob-

P,=Q < 2B ) (P5.40)

ability is

KN,

Clearly, for the same probability of error performance, the
use of the regenerative repeaters results in a significant saving
in transmitted power compared with analog repeaters. Hence
in digital communication systems, regenerative repeaters are
preferable. Nevertheless, in wireline telephone channels that
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are used to transmit both analog and digital signals, analog re-
peaters are generally employed.

Now for the problem, consider a binary communication sys-
tem that transmits data over a wireline channel of length 2000km.
Repeaters are used every 40km to offset the effect of channel at-
tenuation. The SPEC calls for a probability of bit error of 1076,
Determine the SNR, E, /Ny, required if:

(a) Analog repeaters are used.
(b) Regenerative repeaters are used.

(Simulation of a binary communication system using antipodal
signalling) The probability of error, or bit-error-rate (BER), is
an important performance parameter of any digital communica-
tion system. However, obtaining such a performance parameter
in a closed-form expression is sometime very difficult, if not im-
possible. This is especially true for complex systems that employ
error control coding, multiple access techniques, wireless trans-
mission, etc. It is common in the study and design of digital
communications that the BER is evaluated through computer
simulation. In this assignment you shall use MATLAB to write
a simple simulation program to test the BER performance of a
binary communication system using antipodal signalling. The
specific steps in your program are as follows:

e Information Source: Generate a random vector b that con-
tains L information bits “0” and “1”. The two bits should be
equally likely. For this step, the functions rand and round in
MATLAB might be useful.

e Modulator: The binary information bits contained in vector b
are transmitted using antipodal signalling, where a voltage V'
is used for bit “1” and —V for bit “0”. Thus the transmitted
signal is simply y=V*(2*b-1);

e Channel: The channel noise is additive white Gaussian noise
with two-sided power spectral density No/2 = 1 (watts/Hz).
The effect of this additive white Gaussian noise can be sim-
ulated in MATLAB by adding a noise vector w to the trans-
mitted signal y. The vector of independent Gaussian noise
samples with variance of 1 can be generated in MATLAB
as follows: w=randn(1,length(y)); The received signal r is
simply r=y+w;

Remark: In essence, the above implements a discrete (and
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equivalent) model of an antipodal signalling system. In par-
ticular, the simulated vector r is the output of the correlator
or matched filter. Also for simplicity, it is assumed that T = 1
second.

e Demodulator (or Receiver): With antipodal signalling, the
demodulator is very simple. It simply compares the received
signal with zero to make the decision.

Determine the minimum values of V' to achieve the bit error
rate (BER) levels of 10~%, 1072, 1072, 10~ and 10=°. Use
each value of V' you found to run your MATLAB program and
record the actual BER. Plot (in log scale) both the theoretical
and experimental BER versus V2 (dB) on the same graph and
compare.

Note that if you expect a BER of 10~ % for K = 1,...,5, then
the length L of the information bit vector b should be at least
L =100 x 105, This is because at least 100 erroneous bits need
to be seen in each simulation run in order to have a reliable
experimental BER value.
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Baseband Data Transmission

6.1 Introduction

As pointed out in the previous chapter, binary digits (or bits) “0” and
“1” are used simply to represent the information content. They are ab-
stract (intangible) quantities and need to be converted into electrical
waveforms for effective transmission or storage. How to perform such
a conversion is generally governed by many factors, of which the most
important one is the available transmission bandwidth of the communi-
cation channel or the storage media.

In basebandt data transmission, the bits are mapped into two voltage
levels for direct transmission without any frequency translation. Such a
baseband data transmission is applicable to cable systems (both metallic
and fiber optics) since the transmission bandwidth of most cable systems
is in the baseband. Various baseband signaling techniques, also known
as line codes, have been developed to satisfy a number of criteria. The
typical criteria are:

(i) Signal interference and noise immunity: Depending on the signal
sets, certain signaling schemes exhibit superior performance in
the presence of noise as reflected by the probability of bit error.

(ii) Signal spectrum: Typically one would like the transmitted signal
to occupy as small a frequency band as possible. For baseband
signaling, this implies a lack of high frequency components. How-
ever, it is sometimes also important to have no DC component.
Having a signaling scheme which does not have a DC compo-
nent implies that AC coupling via a transformer may be used in
the transmission channel. This provides electrical isolation which

t Baseband modulation can be defined, somewhat imprecisely, as a modulation
whose power spectrum density is huddled around f =0 (Hz).

141
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tends to reduce interference. Moreover, it is also possible in cer-
tain signaling schemes to match the transmitted signal to the
special characteristics of a transmission channel.

(iii) Signal synchronization capability: In implementing the receiver,
it is necessary to establish the beginning and the end of each bit
transmission period. This typically requires a separate clock to
synchronize the transmitter and the receiver. Self synchronization
is however also possible if there are adequate transitions in the
transmitted baseband signal. Several self-synchronizing baseband
schemes have also been developed.

(iv) Error detection capability: Some signaling schemes have an in-
herent error detection capability. This is possible by introducing
constraints on allowable transitions among the signal levels and
exploiting those constraints at the receiver.

(v) Cost and complexity of transmitter and receiver implementations:
This is still a factor which should not be ignored even though the
price of digital logic continues to decrease.

This chapter discusses four baseband signaling schemes (also known
as line codes) from the aspects of the first three criteria. The four signal-
ing schemes are commonly known as nonreturn-to-zero-level (NRZ-L),
return-to-zero (RZ), bi-phase-level or Manchester, and delay modulation
or Miller.

6.2 Baseband Signaling Schemes

Nonreturn to Zero (NRZ) Code. The NRZ code can be regarded
as the most basic baseband signaling scheme, since it appears “natu-
rally” in synchronous digital circuits. In NRZ code, the signal alternates
between the two voltage levels only when the current bit differs from the
previous one.

Figure 6.1-(a) represents an example of NRZ waveform, where T}, is the
bit duration. Note that there is only one polarity in the waveform, hence
it is also known as unipolar NRZ waveform. This is the simplest version
of NRZ and can be easily be generated. However the DC component of
a long random sequence of ones and zeros is nonzero. More precisely,
the DC component is V Pr[ly] + 0Pr[0r] = VP, + 0P, = VP,. For
the common case of equally likely bits, the DC component is one-half
of the positive voltage, i.e., 0.5V (volts). Therefore it is common to
pass the NRZ waveform through a level shifter. The resultant waveform
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Binary Dat 1 011 00/ 1}/0!1

« U UHOHUUHL

— T,

(a)NRZ Code 0 Time

(b)NRZ- L 0

(c) RZCode 0

(d)RZ-L 0

(e) Bi - Phast¢ 0

(f) Bi-PhaseL 0

(g) Miller Code 0

(h) Miller - L 0

Fig. 6.1. Various binary signaling formats.

then alternates between +V and —V as shown in Figure 6.1-(b). It is
called polar NRZ or NRZ-L waveform, whose DC component is V Pr[1]+
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(=V)Pr[0r] = V(P2 — Py). Obviously, the DC component of the NRZ-L
waveform is zero if the two bits are equally likely.

Observe that the NRZ-L code produces a transition whenever the
current bit in the input sequence differs from the previous one. These
transitions can be used for synchronization purposes at the receiver.
However if the transmitted data contains long strings of similar bits,
then the timing information is sparse, and regeneration of the clock sig-
nal at the receiver can be very difficult.

Return to Zero (RZ) Code. The RZ code is similar to the NRZ
code except that the information is contained in the first half of the bit
interval, while the second half is always at level “zero”. An example of
RZ waveform is shown in Figure 6.1-(c). Once again the code has a DC
component, which is (0.5V) Pr[17] + 0Pr[07] = (0.5V)P. If P, = P, =
0.5, then the DC component is one-fourth of the positive voltage, i.e.,
0.25V (volts). Figure 6.2 shows that the RZ code is generated by gating
the basic NRZ signal with the transmitter clock.

NRZ o—m

Clock o——

Fig. 6.2. RZ Encoder.

In order to fairly compare with the NRZ-L code in terms of error
probability, we shall consider the RZ-L (or bipolar RZ) code where the
two levels are +V and —V rather than V and 0. The corresponding
waveform of RZ-L code is shown in Figure 6.1-(d). The DC component
of RZ-L waveform is —V Py, which is —0.5V (volts) if P, = P, = 0.5.
Thus the code still has a nonzero DC component.

Regarding timing information, note that as opposed to NRZ, with RZ
a long string of bits “1” results in transitions from which a clock at the
receiver can be regenerated. A string of bits “0”, however, does not have
any transitions just as the NRZ code. For this reason and the fact that it
has poor spectral properties and inferior error performance, RZ coding
is not used except in some very elementary transmitting and recording
equipment.

Bi-phase (Bi¢) or Manchester Code. To overcome the poor syn-
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chronization capability of NRZ and RZ codes, bi-phase (Bi¢) coding has
been developed. It encodes information in terms of level transitions in
the middle of a bit interval. Note that this conversion of bits to electrical
waveforms is in a sharp contrast to what done in NRZ and RZ codes,
where the information bits are converted to voltage levels. The bi-phase
conversion (or mapping, or encoding) rules are as follows:

e Bit “1” is encoded as a transition from a high level to a low level
occurring in the middle of the bit interval.

e Bit “0” is encoded as a transition from a low level to a high level
occurring in the middle of the bit interval.

e An additional “idle” transition may have to be added at the begin-
ning of each bit interval to establish the proper starting level for the
information carrying transition.

Examples of bi-phase and bi-phase-level waveforms are shown in Fig-
ures 6.1-(e) and (f), respectively. The DC component of the bi-phase sig-
nal is evaluated as (0.5V) Pr[17]+(0.5V) Pr[0r] = 0.5V [P+ P;]| = 0.5V,
while the DC component of the bi-phase-level (Bi¢-L) signal is obviously
0. Note that the above results for the DC components hold regardless of
the a priori probabilities of the bits. Therefore the bi-phase-level code
does not have any DC component. Figure 6.3 shows that the bi-phase
code can be generated with an XOR logic whose inputs are the basic
NRZ signal and the transmitter clock.

NRZ
o Bi-phase
Clock

Fig. 6.3. Bi-phase encoder.

The bi-phase signal, however, occupies a wider frequency band than
NRZ signal. This is due to the fact that for alternating bits there is
one transition per bit interval while for two identical consecutive bits,
two transitions occur per bit interval. On the other hand, because there
is a predictable transition during every bit interval, the receiver can
synchronize on that transition. The bi-phase code is thus known as
a self-synchronizing code. It is commonly used in local area networks
(LANS), such as the Ethernet.

Miller Code. This code is an alternative to the bi-phase code. It
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has at least one transition every two bit interval and there is never
more than two transitions every two bit interval. It thus provides good
synchronization capabilities, while requiring less bandwidth than the
bi-phase signal. The encoding rules are:

e Bit “1” is encoded by a transition in the middle of the bit interval.
Depending on the previous bit this transition may be either upward
or downward.

e Bit “0” is encoded by a transition at the beginning of the bit interval
if the previous bit is “0”. If the previous bit is “1”, then there is no
transition.

The waveforms for Miller and Miller-level codes are illustrated in Fig-
ures 6.1-(g) and (h), respectively. The Miller-L signal can be generated
from the NRZ signal by the circuit shown in Figure 6.4.

NRZ —s

;GNVN

Level Miller-L
Shifter signal

D : Delayof T, seconds
Switch: Upfor thefirst half of theclock period,
downfor theseconchalf.

Fig. 6.4. Miller-L encoder.

6.3 Error Performance

To determine the probability of bit error for each of the line codes we
shall consider that the transmitted signals are corrupted by zero-mean
additive white Gaussian noise of spectral strength 22 (watts/Hz) and
that the two bits, “0” and “1”, are equally likely. As shown in the previ-
ous chapter, the error probability of each line code is readily determined
by identifying the elementary signals used for bits “0” and “1” and rep-
resenting them in the signal space diagram. In all cases, the orthonormal
basis set for the signal space can simply be determined by inspection.
For each signaling scheme, a voltage swing from —V to V volts is also
assumed.
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NRZ-L Code. The elementary signals are shown in Figure 6.5-(a),
where each signal has energy Exrz.. = V?T} (joules). The single ba-
sis function and signal space plot are given in Figures 6.5-(b) and (c).
Applying (5.105), the probability of bit error is given by,

Prlerror|nrzL = @ (\/ 2ENRZ—L/NO) (6.1)

s(t) s, (1)
"zero" "one"
\%
Tb
0 t 0 T t
-V
@) (@
]/\/ﬁ Choos®; O | = Choosd,
si(1) 5 (t)
0 T t —e—————f————*— 40
° R S 0 Y EnrzL

(b) (c)

Fig. 6.5. NRZ-L code: (a) Elementary signals. (b) Basis function. (c) Signal
space and decision regions.

RZ-L Code. Figure 6.6 shows the elementary signals, the basis func-
tions, the signal space together with the optimum decision regions of RZ-
L signaling. Each signal has energy Frz1, = V2T, = Exrz.1 (joules)
and the error probability is given as,

PI‘[eH‘OI‘]Rz_L = Q (\/ ERZ—L/NO) (62)

Bi-phase-level (Bi¢-L) Code. Similar to the NRZ-L code, Bi¢-L
code is also an antipodal signaling. Its elementary signals are, how-
ever, different in shape compared to that of NRZ-L code (so as to have
self-synchronizing capability as discussed before). Here each signal has
energy Epig.1, = V2T, = Engpz.y joules and the error probability is
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S10) S, (t)

"zero" "one"
\%
T, T,/2 T,
0 t 0 t
-V BV
(@
@) (1)

Tb Tb/2 Tb

YT

Fig. 6.6. RZ-L code: (a) Elementary signals. (b) Basis functions. (c) Signal
space and decision regions.

expressed as

Prlerror]gig., = Q (1/2E3i¢_L/NO> (6.3)

Miller-Level (M-L). For this code there are four elementary signals,
two of which represent bits “1” with the other two representing bits “0”.
The four elementary signals are shown in Figure 6.8-(a), whereas the two
orthonormal basis functions needed to represent these four signals are
plotted in Figure 6.4-(b). The energy in each signal is Ey.y, = V2T, =
ENRZ—L joules.

The minimum-distance receiver consists of projecting the received sig-
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s,(t) S, (t)
"zero" "one"
\Y \%
Tb
0 T, t 0 t
-V Vb
(a)
@)
1/\/ﬁ Choos®; O | = Choosd.,
T, s.(1) s,(t)
0 t —e e 40
_\/?W- 0 Y EBWL
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(b) (©

Fig. 6.7. Bi¢-L code: (a) Elementary signals. (b) Basis function. (c) Signal
space and decision regions.

nal, r(t), onto ¢1(t) and ¢o(t) which generates the statistics (r1,72).
Since each signal is equally likely and has a priori probability of 1/4, the
decision rule is to choose the signal to which the point (r1,r3) is closest.
The decision space is shown in Figure 6.9.

To determine the bit error probability, note that

Pr[error] = 1 — Pr{correct] (6.4)
where
4
Pr[correct] = Z Pr[s;(t)] Pr[correct|s;(t)] (6.5)
i=1
Also Prls;(t)] = 1/4, ¢ = 1,2,3,4. Because of the symmetry,

Pr[correct|s;(t)] is the same regardless of which signal is considered.
Therefore

Pr[correct] = Pr|correct|s;(t)] (6.6)

The above probability can be found by evaluating the volume under
the probability density function f(ry,72|s1(t)). Consider the volume un-
der f(r1,72|s1(t)) over region 1 shown as the shaded area in Figure 6.10.
The random variables r; and 7o are statistically independent Gaussian



150 Baseband Data Transmission

s,(t) S,(t)
"zero" "one"
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Fig. 6.8. Miller-L code: (a) Elementary signals. (b) Basis functions.

random variables, with means of 0 and v/ Ey1, (volts), respectively, and
with the same variance of &2 (watts).

Rather than evaluating the integral with r1, 75 as variables we change
variables so that the integral is expressed in terms of 71,79 which are
also statistically independent Gaussian random variables with the same
mean +/Fy1,/2 and variance % This is much more convenient since
the region of the double integrals can be expressed as two independent
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Fig. 6.9. Miller-L code: (a) Signal space plot. (b) Decision regions.

regions of variables 71, 7. In particular,

Prcorrect|s;(t)] = /°° /°° [ (P1,72]8(t)) dFydia
o Jo

= (f—\/mf
- / VAN, O F No

- [t-o(mm)] o7

dr
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el
S (1)

Fig. 6.10. Evaluating the error probability for Miller-L code.

The bit error probability for the Miller code is therefore given by
2
Prlerrorjy, = 1-— {1 -Q (\/EM_L/NO)}
2
= 2Q (\/EM-L/NO) - [Q (\/EM_L/NO)} (6.8)

Because the typical value for the error probability is 1076 or less, the
second term in (6.8) is insignificant compared to the first term and (6.8)
can be well approximated by

Prlerror]yr = Q (m) (6.9)

where the factor 2 is also ignored.
Comparing the four signaling schemes investigated in this chapter we
see that they have the same energy per bit, i.e.,

ENRZ—L = ERZ—L = EBic/)—L = EM-L = V2Tb = Eb (joules/bit). (610)

Therefore, in terms of energy per bit, Fj, the error probabilities for the
four signaling schemes are:

No

) (6.12)

2F
Prlerror|yrz.1, = Prlerrorlgig.,. = @ < b) (6.11)

z| &

Prlerror|rz.1, = Prlerrorjy, = @ <
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These expressions are plotted in Figure 6.11 as functions of Ej/Np.
What the above expressions say is that the signal-to-noise ratio (SNR),
Ey /Ny, would have to be double (i.e., it requires 3 dB more transmitted
power) for Miller-L or RZ-L coding to achieve the same error probability
as NRZ-L or Big-L coding. This fact can also be verified from Figure
6.11 at high SNR region.

10"

RZ-L and M-L

NRZ-L and Bip-L0

Plerror]

6 I I I I
0 2 4 6 8 10 12 14

E/N, (dB)

Fig. 6.11. Probabilities of error for various baseband signaling schemes.

6.4 Optimum Sequence Demodulation for Miller Signaling

To this point the demodulation developed in Chapter 5 and applied in
this chapter to the four line codes is a symbol-by-symbol demodulator.
This type of demodulator assumes that there is no information about
the transmitted sequence other than that in the present bit interval.
Though this is true for the first three line codes it does not hold for Miller
signaling. Miller modulation has memory, since the transmitted signal
in the present bit interval depends on both the present bit and also the
previous bit. In demodulation of the received signal knowledge of this
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memory can, and should be, exploited to make a decision. Rather than

symbol-by-symbol demodulation, this leads to sequence demodulation.
Before discussing sequence demodulation, a simple example is given

to clearly illustrate the shortcoming of the symbol-by-symbol receiver.

Example 6.1. Assume that the four signals s;(t), ¢ = 1,2,3,4 have
unit energy. The projections of the received signals on to ¢ (¢) and
@2(t), denoted by rgk),rék) where k signifies the bit interval, are given
as riV = 0.2, riV = —04, r? = 402, 1Y = —08, ¥ = —0.61,
rés) = +0.5, r§4) =—-1.1, rgl) = +0.1. The distances squared from the
received signal to all four possible transmitted signal in each bit inter-

val are tabulated in Table 6.1. Thus the symbol-by-symbol minimum-

Table 6.1. Distances squared from the received signals to four possible
transmitted signals.

Transmitted signal Distance squared

0—-T, Tp,—2T, 2T,— 3T, 31,— 41,

s1(t) 1.6 1.28 2.8421 4.42
s2(t) 2.0 3.28 0.6221 2.02
s3(t) 0.8 2.08 0.4021 0.02
s4(t) 0.4 0.08 2.6221 2.42

distance receiver decides {s4(t), s4(t), s3(t), s3(t)} as the sequence of
transmitted signals, which corresponds to the bit sequence {1100}. How-
ever, according to the encoding rule of Miller modulation, the sequence
{54(t), s4(t), s3(t), s3(t)} is not a walid transmitted sequence. This im-
plies that there must be error in the above symbol-by-symbol decision
rule.

The above example suggests that a better decision rule could be
achieved by exploiting the memory of the Miller code. One possible
way to demodulate the received signal to an allowable transmitted se-
quence is described next. Assume that a total of n bits are transmitted.
Each n-bit pattern results in a transmitted signal over 0 < ¢t < nT}. Ob-
viously, the total number of different bit patterns (or signals) is M = 2™,
i.e., it grows exponentially with n. Typically n is a large number and
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2™ can be a very very big number.t Denote the entire transmitted sig-
nal over the time interval [0,nT}] as S;(t), ¢« = 1,2,...,M = 2™. The
signal S;(t) can also be written as S;(t) = Z?:1 S;j(t) where S;;(t) is
one of the four possible signals used in Miller code in the bit interval
[(4—1)Ty, jTp) and zero elsewhere. Note the meaning of the subscript no-
tation, ¢ refers to the specific transmitted signal under consideration and
j to the Miller signal in the jth bit interval. At the receiver, the received
signal over the time interval [0, nT}] is 7(¢) and it can also be written as
r(t) = Z?:l rj(t) where r;(t) = r(t) in the interval [(j — 1)T3, jT3] and
zero elsewhere.

To decide which of the M possible signals that has transmitted one
can compute the distance from each signal S;(t) to the received signal
r(t), which is simply

d; = \/ /O ") - Sy, (6.13)

After such distances are computed for all S;(¢), i = 1,2,...,M = 2™,
the decision rule is to choose as the transmitted signal the one that is
closest to r(t).

The computation of the distance in the above decision rule can be
simplified by projecting the continuous-time transmitted and received
signals onto the signal space of Miller code. To this end, proceed as
follows. First, note that if the distance is minimum then the square of
it will also be minimum. Then compute d? by splitting the integral up
as follows

n 3Th
=Y / [r;(t) — Sy (t)]2dt. (6.14)

j=170G-DTs

Now the term of summation d3; = fé@’l)Tb 1 (t) - S” (t)]?dt is simply

the distance squared of r;(t) to S;;(¢). Let [r?),réj)] be the outputs

of the two correlators (or matched filters) in the [(j — 1)T}, jT3] time

interval and [SY), S9] the coefficients in the representation of S;(t).
. N 2 . N 2

We know that df;, = (rij) - Sff)) + (Téj) - Sg)) . Therefore, the

distance computation in (6.13) can be rewritten as:
n . N 2 . N 2
2=y [(r?) —SP) + () - s9) ] (6.15)
j=1

t Unless you are a loan shark or a banker (which may amount to the same thing)
exponential growth is bad, while linear growth is good.



156 Baseband Data Transmission

If the transmitted bits are equally likely and if the channel is AWGN,
it can be shown that (see Chapter 7) the above decision rule, which
is based on the minimum sequence distance, constitutes an optimum
receiver for Miller signaling. It is optimum in the sense that the proba-
bility of making a sequence error is minimized.

Viterbi Algorithm. Though the optimum decision rule is rather sim-
ple in its interpretation, it requires an extensive and simply impossible
amount of computations if direct evaluations of M = 2™ distances as in
(6.15) are to be carried out. Fortunately, a much more efficient algo-
rithm, due to A. J. Viterbi and known as the Viterbi algorithm, exists
to implement the optimum decision rule. At the heart of the Viterbi al-
gorithm are the concepts of the state and trellis diagrams that are used
to elegantly represent all the possible transmitted sequences.

In general, the state of a system can be looked upon very simply (and
perhaps somewhat loosely) as what information from the past do we
need at the present time, which together with the present input allows
us to determine the system’s output for any future input. Here consider
the system to be the modulator that produces the Miller encoded signal.
Recall that in Miller signaling, the transmitted signal depends on the
bit to be transmitted in the present interval and the signal, or bit, trans-
mitted in the previous interval. There are four possible combinations of
the present bit and previous signal and therefore there are four states.
The state diagram that represents the Miller encoding rule is shown in
Figure 6.12.

Input bit

Vs,() Ys,(0)
AN

Output signal

0/s,(t)

Y 0/53(t) State

0/s(t) Ysi(®)

Fig. 6.12. State diagram of the Miller code. The state is defined as the signal
transmitted in the previous bit interval.
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Although the state diagram in Fig. 6.12 clearly and concisely describes
the encoding rule, it only describes the rule in a single bit interval. To
illustrate the modulator’s output for any possible input sequence one
can follow the path dictated by the input bits and produce the output
signal. However, a more informative approach is to use a trellis diagram.
In essence, a trellis diagram is simply an unfolded state diagram. Figure
6.13 shows the trellis diagram for Miller modulation over the interval
[0,4T3).

Input bit=0

Xmitted signal i
| = = - |nput bit=1

\

Bit Sequence

States <

Fig. 6.13. Trellis diagram of Miller code.

Some important remarks regarding Figure 6.13 are as follows:

e It is assumed that the initial (or starting) state is s1(t). In practice,
this can always be guaranteed by an agreed protocol.

e A transmitted signal in a given bit interval is represented by a branch
connecting two states. The solid line corresponds to bit “0”, whereas
the dashed line corresponds to bit “1”.

e In the fourth bit interval ([3T},4T3]) the trellis is fully expanded. From
this bit interval on, the trellis pattern is the same.

e Each possible output sequence is represented by a path through the
trellis. Conversely, each path in the trellis represents a valid (or al-
lowable) Miller signal.

Working with the trellis diagram, the main steps in the Viterbi al-
gorithm to find the sequence (i.e., the path through the trellis) that is
closest to the received signal are as follows
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Step 1: Start from the initial state (s1(¢) in our case).

Step 2: In each bit interval, calculate the branch metric, which is the distance
squared between the received signal in that interval with the signal
corresponding to each possible branch. Add this branch metric to the
previous metrics to get the partial path metric for each partial path
up to that bit interval.

Step 3: If there are two partial paths entering the same state, discard the one
that has a larger partial path metric and call the remaining path the
SUTrvIvor.

Step 4: Extend only the survivor paths to the next interval. Repeat Steps 2
to 4 till the end of the sequence.

In Step 3 above, the procedure where one of the competing partial
paths is discarded at each state requires some justification. Namely,
nothing that is received in the future will give one any information about
what happened in the past. This is because future noise samples are sta-
tistically independent of present ones (recall that the noise is white and
Gaussian) and also the bits are assumed to be statistically independent.

Example 6.2. To illustrate the Viterbi algorithm, let’s revisit Example
6.1 and apply the Viterbi algorithm to demodulate the received sequence.

For the first interval there are only two possibilities. The distance
squared of the received signal to these two possibilities are computed
but no decision is made. This is shown in Figure 6.14.

" so[] °
sof=] @ N
o] e e

| s0[ ] : °

T,

Accumu-

States< latedd?

Fig. 6.14. Accumulated distance squared in the first bit interval.

At this point no decision is made. Rather we continue to the next
interval and compute the distance squared of the received signal (in the
interval [Ty, 27}]) to the signal along a particular branch. The squared



6.4 Optimum Sequence Demodulation for Miller Signaling 159

distance of each possible transmitted sequence to the received sequence
is:

00 — 2.08; 10 — 4.08; 01 — 0.88; 11 — 2.08.

so[—]
SO[] @ N
\ 4.08
so[ 1] @ 2° \®
N 0.88
so[] e o 20%
0 2T,

T,

2.08

States<

Fig. 6.15. Accumulated squared distances after the second bit interval

If we were forced (or inclined) to make a decision at this stage we
would choose sequence 01 for a rather “obvious” reason. Note that
symbol-by-symbol demodulation which ignores the memory results in
the sequence 11 being chosen. Again we do not make any firm decisions
but proceed to the next interval. We do, however, make one decision.
For the two sequences that end in state s4(t) we discard one, namely,
sequence 11. The picture now looks as in Figure 6.16.

fsl(t)@ o 2.08 )

Accumu-
States<  latedd?
st 4| @ \ [
s ] @ e N [0 B
0 Tb 2Tb

Fig. 6.16. Squared distances of the survivor paths after the second bit interval.

In the third bit interval, the squared distance of the received signal to
each possible signal during this bit interval (called the branch metric) is
now computed (see Table 6.1), added to the surviving squared distances
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and new surviving sequences are determined. After the third bit interval,

the surviving sequences are:

States<

A [15021
PN

ezl

>A(:c:umu-
latedd?

» o7 |
b

Fig. 6.17. Survivor paths and accumulated squared distances after the third

bit interval.

For the fourth bit interval, the branch squared distances are calculated
as in Table 6.1 (see column 5). Add these distances appropriately to
the survivors after the third bit interval. For the two sequences that
converge in a given state, choosing the sequence that is closest to the
received signal results in the following survivors.

States<
X0 °
s:(t) ] )
0 Tb 2Tb

a—_—
" [s7az]
\\‘J

4T,

[ ]
3,

0000
0110
0101

So, the surviving sequences are (from top to bottom):
33(t)a51(t)333(t)781(t) A
s3(t), sa(t), s2(t), s3(t)
s3(t), s4(t), 51(t), s2(t) <
s3(0),s1(0), s3(0), s4(t)

0111

>Accumu-
latedd?
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We could continue ad nauseum, i.e., until we are ready to make a deci-
sion on the transmitted sequence or we know (by prior agreement or by
protocol) that the sequence transmission is ended. Note that at this time
(4T}) one can make a very firm decision about the transmitted sequence,
i.e., a decision that will not change due to future received signals. This
decision is that of the first transmitted bit being “0”, which corresponds
to the common stem over [0, 7] of all the four survivor paths.

From the above surviving sequences, it is quite obvious that if one
needs to make a decision at 47T, one shall decide that the sequence
s3(t), s4(t), s2(t), s3(t), which corresponds to 0110, was transmitted.

6.5 Spectrum

The transmitted power required by a modulation scheme to achieve a
certain error performance is important but equally important is the
bandwidth requirement of the modulation. Therefore it is necessary
to obtain the power spectrum density. Here we look at NRZ-L, bi-phase
and Miller coding. Only the spectrum for NRZ-L signal is derived from
basic principles. A more general approach to spectrum derivation for
statistically independent binary modulation is given in the next chap-
ter. Since their derivations are fairly involved, the bi-phase and Miller
spectra are simply given.

For each signaling scheme, let the energy in an elementary waveform
be E = V2T, joules. Also let the a priori probability of bit “1” be
P, = P and of bit “0” be P = 1— P. As usual, we assume that the bits
in different intervals are statistically independent.

NRZ-L Code. A typical NRZ-L signal is shown in Figure 6.19, where
the starting time ¢y is a random variable, uniformly distributed in the
time interval [0,7p]. The pdf of the random variable tq is plotted in
Figure 6.20.

To determine the power spectrum density of s(t) we first determine
the autocorrelation function Rg(7) of s(t) which is the average value
of the product E{s(t)s(t + 7)}, over the ensemble of all possible time
signals. The power spectrum density is the Fourier transform of the
autocorrelation function.

To start, consider the following two special cases for the delay 7:

1) 7 = 0. With this value of 7, E{s(t)s(t + 7)} gives the mean-square
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s(t)

\Y

- 2T, -T, o [t, T, 2T, 3T, 4T,

Fig. 6.19. A typical waveform of NRZ-L signaling.

fto(to)

1
Tb

0 T,
Fig. 6.20. Probability density function of the starting time to.

value of the signal, i.e.,
E{s*(t)y = V?Prllg]+ (—=V)?Pr[07]
= V(P +P)
V? (watts) (6.16)
which is expected.
2) 7 > Tp. Note that for a fixed ¢, the random variables s(t) and
s(t + 7) are statistically independent random variables which take on

the value of V or —V with a probability of P, or P; respectively. The
average value of the product is thus given by

E{s(t)s(t+ 1)}

(V)(V)Pr[lr at ¢t and 17 at(t + 7)]
+(=V)(=V)Pr[0r at t and Op at (¢t + 7)]
+(V)(=V) Pr[lr at ¢ and Or at (¢t + 7)]
+(=V)(V)Pr[0r at ¢ and 17 at (¢t + 7)]

= V?P}4+V?P? -V?P,P, - V?PP,  (6.17)
where we have used the fact that a bit transmitted at time ¢ is statis-
tically independent of that at time ¢ + 7, for 7 > T}. Let P, = P and
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Py =1- P, (6.17) reduces to
E{s(t)s(t+7)y = V2[P?>+(1-P)*>-2P(1 - P)]
= V*(1-2P)? 71>T, (6.18)

Thus far we know the autocorrelation function for ¢t = 0 and 7 > Tj,.
We still need to determine Rg(t) over the interval 0 < 7 < T}, (recall
that Rs(—7) = Rs(7)). To this end, consider the average value of the
product s(t)s(t + 7) at two time instants ¢ and ¢ + 7, where 7 < Tp.
Consider the two possibilities for ty (see Figure 6.21):

(a) Either to < 0 or tg > t 4+ 7. For this case, the product s(¢)s(t +
7) = V2 regardless of whether bit “1” or bit “0” is transmitted.
This is because t and ¢t + 7 fall within the same bit interval.

(b) t <tg <t+7,ie., t falls within one bit interval while ¢ + 7 falls
in another interval. In this case, the following are the different
possibilities for s(¢) and s(¢t + 7):

s(t) = V; s(t+7) = \%4
s(t) = Vi s(t+7) = -V
s(t) = -V; s(t+7) = V (6.19)
s(t) = =V; s(t+7) = -V
s(t)
!
v | |
| |
l l
o 1 1T
| |
| |
I |
Y ! !
t t+71

Fig. 6.21. Two time instants ¢ and ¢ + 7 under consideration.

Now, the average value of the product, namely £{s(¢)s(t + 7)}, can
be determined as follows:
Case (a):
Ef{st)s(t+ 1)} =
VZPrtg <t or tg >t + 7] Pr[ly] + V2 Prlty < t or tg > t + 7] Pr[07]
(6.20)
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Case (b):
E{s(t)s(t+7)} = V2Prft <tog<t+7]Pr[lr at t]Pr[lr at (t + 7))
+V2Prft < tg < t 4 7] Pr[07 at t] Pr[0r a t(t + 7)]
~V2Pr[t < tg < t+7]Pr[ly at t]Pr[0r at (¢ + 7)]
—V2Pr[t < to < t+ 7] Pr[0r at t] Pr[ly at (t + 7)]
(6.21)

fi, (k) Plt<t,<t+7]=L

Fig. 6.22. Probability that ¢t < to <t + 7.

The probability that ¢ < tqg < ¢t 4+ 7 is given by the shaded area in
Figure 6.22, while Pritg < torty >t+ 7] =1-Prt <ty <t+7] =
1 — 7/Ty. Therefore

Rs(r) = &E{s(t)s(t+7)}
= V2P(1—1/Ty) +V*Pi(1—1/Tp)
+V2Pi(7/T,) + V> PE(7/T))
—V2PPy(1/Ty) — V2P Py(7/Ty), 0<t<T,
(6.22)
which reduces to Rs(7) = V?2 [1 - %P(l —P)], 0 <t < T, The

complete expression for Rs(7) is as follows:

4|7
e [1 _ |T—b|P(1 - P)} . rl<T
V21— 2P)?, > T,

Ry(r) = (6.23)

which plots as in Figure 6.23.
Finally, the power spectrum density is found as follows:

sin? (7
Pult) = F{Rs(r)} = V2 {(1 —2P)3(f) +4P(1 - P>Tb%}
(6.24)
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R(r)

VZ

V2(1-2P)?

=T, 0 T,

Fig. 6.23. Autocorrelation function Rs(7).

Normalizing with respect to the energy E = V2T, yields

Ps(f) _ 1

B sin?(7 fTp)
E T,

(mfTp)?

Note that when P = 0.5 the impulse at f = 0 disappears as expected.

(1—-2P)*5(f) +4P(1 - P) (6.25)

Bi-phase Code. The spectrum is given by

Pelf) Lo ope 5o (2Y s(f_m St (1 T/2)
o = 7 (1-2P)? :Zm <m> §(f Tb>+4P(1 P) T
"# (6.26)

There is no DC component as expected. Further if P =0 or P = 1, the
continuous part of the spectrum disappears and there is only a line spec-
trum, reflecting the fact that the signal is periodic. When P = 0.5 the
line spectrum disappears and only the continuous spectrum is present.

Miller Code. The expression for the spectrum of Miller code is
Ps(f) _ 1

E 202(17 + 8 cos 80)

5cos46 + 12 cos 50 + 2 cos 660 — 8 cos 70 + 2 cos 89)  (6.27)

(23 — 2 cosf — 22 cos 260 — 12 cos 30+

where 6§ = 7 fT, and P, = P, = 0.5.

For comparison, the plots of the three different power spectral densi-
ties are shown in Figure 6.24. Observe that the Miller code has several
advantages in terms of spectral properties over that of NRZ-L or bi-phase
code. These are:

e The majority of the signaling energy lies at frequencies less than one-
half the bit rate f, = T%,
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0.5

Fig. 6.24. Power spectral densities of NRZ-L, Big-L and Miller-L signals.

e The spectrum is small in the vicinity of f = 0. This is important
for channels which have poor DC response (for example, in magnetic
recording).

e The Miller code is insensitive to the 180° phase ambiguity common
to NRZ-L and bi-phase coding.

e Bandwidth requirement is approximately 1/2 of that needed by bi-
phase coding.

6.6 Summary

The four baseband modulation methods dealt with in this chapter though
basic are still found, and indeed should continue to be found in digital
communication systems. This holds, in particular, for NRZ-L, Biphase
and Miller modulation. The next chapter considers passband modu-
lation techniques. Though the approach taken there is a direct one,
passband modulation can also be considered to be the frequency trans-
lation of an equivalent baseband modulation. This is also touched upon
in the next chapter.
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Miller modulation has memory and this property led to the important
concepts of state, trellis, sequence demodulation and Viterbi’s algorithm.
The next three chapters continue the study of memoryless modulation
techniques since they are important not only in their own right, but
are found in modulation paradigms that have memory. State, trellis
and sequence modulation/demodulation are returned to the chapter on
bandlimited channels where intersymbol interference (ISI) is present and
the one on trellis-coded modulation (TCM).

Problems

6.1 (Miller coding) Consider the optimum decision rule of Miller
code that is based on the minimum sequence distance.

(a) Show that finding the sequence with the minimum distance
as computed in (6.13) is equivalent to finding the sequence
with the maximum correlation metric, computed as follows:

i 0o | S
/0 rsiode= Y 1| ) (P6.1)
i=1 il

(b) Clearly describe all the steps of the Viterbi algorithm to find
the transmitted sequence based on the maximization of the
above metric.

(¢) Redo Example 6.2 using the above metric.

6.2 (AMI coding) Alternate-mark-invert is a binary line coding scheme.
The output signal is determined from the source’s bit stream as
follows:

o If the bit to be transmitted is a 0, then the signal is 0 volts
over the bit period of T} seconds.

e If the bit to be transmitted is a 1, then the signal is either
+V volts or —V volts over the bit period of T} seconds. It is
+V volts if previously a —V volts was used to represent bit 1,
—V wvolts if previously a +V volts was used to represent bit
1. Hence the name and mnemonic for the modulation.

(a) Draw the three waveforms and a signal space representation
of the above modulation.

(b) Generally, the signal transmitted in any bit period depends
on what happened previously. Thus there is memory and
therefore a state diagram and a trellis. Draw a state diagram.
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Label the transitions between the states with the input bit
and the output signal.

(¢) Now draw the trellis corresponding to the above state dia-
gram. Start at ¢ = 0 and assume that before ¢t = 0 the
voltage level corresponding to a 1 is +V volts.

(d) Assume that the source bits are equally likely and that V2T}, =
1 joule. Using the signal space diagram of (a) and trellis of
(c) perform the Viterbi algorithm to demodulate the follow-
ing set of outputs from the matched filter for the first 3 bit
intervals:

r =0.4; r® =-08; r® =02 (volts). (P6.2)

(NRZI coding) Non-return-to-zero-inverse (NRZI) is a binary
baseband signaling scheme used in magnetic recording. The
NRZI signal waveform switches between the two amplitude lev-
els of V volts and —V volts as follows:

e The transitions from one amplitude level to another (V to
—V or =V to V) occur only when the information bit is 1.

e No transition occurs when the information bit is a 0 (i.e., the
amplitude level remains the same as the previous signal level).

(a) Draw the NRZI waveform for the information sequence {10110001}.
Assume that the amplitude level before the transmission of
the above sequence is —V volts.

(b) Draw a state diagram. Label the transitions for the states
with the input bit and the output signal.

(¢c) Now draw the trellis corresponding to the above state dia-
gram. Start at ¢t = 0 and assume that before ¢t = 0 the
voltage level is —V volts.

(d) Assume that the source bits are equally likely and that V2T}, =
1 joule. Draw the signal space diagram for the two signals
used in NRZI. Then use this signal space diagram and the
trellis of (c¢), sequence demodulate (with the Viterbi algo-
rithm) the following set of outputs from the matched filter
for the first 3 bit intervals:

rM =0.2; 7@ =0.6; r® =-0.8 (volts).






